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Abstract. This paper is concerned with a study of some new formulations of
smoothness conditions and conformality conditions for multivariate splines
in terms of B-net representation. In the bivariate setting, a group of new
parameters of bivariate quartic and quintic polynomials over a planar sim-
plex is introduced, new formulations of smoothness conditions of bivariate
quarticC1 splines and quinticC2 splines are given, and the conformality
conditions of bivariate quarticC1 splines are simplified.

1 Introduction

The Bernstein–Bézier method (B-form, B-net) plays an important role in
the study of both curve fitting and multivariate spline approximation. The
B-net was initiated from Bernstein polynomials. In the late fifties and the
early sixties, de Casteljau and Bézier applied Bernstein polynomials in the
study of curve fitting by using triangular patches and rectangular patches. In
1980, Farin [1] first used the B-net method in the study of bivariate splines.
More details about the Bernstein–Bézier patches can be found in [2,3].

The B-net is widely applied in the study of either the dimension and
basis or the approximation property of multivariate spline spaces (see [4]–
[9] for example). Some applications of the B-net method in the study of
multivariate splines can be found in [10]. In this paper, we study formula-
tions of smoothness conditions of multivariate splines determined by some
interpolation conditions at the vertices and some B-net domain points. In
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particular, we give a simplified formulation of smoothness conditions for
bivariate quartic and quintic splines and simplified conformality conditions
for bivariate quartic splines. The paper is organized as follows. In Sect. 2,
we give a brief review of the B-net representation of spline functions and
recall some formulations of smoothness conditions for multivariate splines.
In Sect. 3, we discuss smoothness conditions for bivariateC1 quartic and
C2 quintic splines. Conformality conditions for bivariate quarticC1 splines
are discussed in Sect. 4.

2 B-net representation of multivariate splines

As usual, letR be the set of all real numbers andZ+ the set of nonnegative
integers. ThusRn denotesn-dimensional Euclidean space andZn+ can be
used as a multi-index set, whileπk := πk(Rn) is the space of all polynomials
of (total) degree≤ k in n variables. Letδ = [v0, v1, . . . , vn] be a proper
n-dimensional simplex with verticesv0, v1, . . . , vn ∈ Rn. Then for any
x ∈ Rn, we have

x = ξ0v0 + ξ1v1 + · · · + ξnvn with ξ0 + ξ1 + · · · + ξn = 1.

The (n + 1)-tupleξ = (ξ0, ξ1, . . . , ξn) defines the barycentric coordinates
of x with respect to the simplexδ. For α = (α0, α1, . . . , αn) ∈ Zn+1

+ , the
length ofα is defined by|α| = α0 + α1 + · · · + αn, and the factorialα! is
defined asα0! . . . αn!. We define the Bernstein polynomialBα,δ as

Bα,δ(x) :=
(|α|

α

)
ξα,

whereξα := ξ
α0
0 ξ

α1
1 . . . ξαn

n and(|α|
α

)
:= |α|!

α0!α1! . . . αn! .

In addition, the domain pointsxα,δ on δ are defined by

xα,δ := (α0v0 + α1v1 + · · · + αnvn)

k
, |α| = k.

It is well-known that any polynomialp ∈ πk can be written in a unique way
as

p =
∑
|α|=k

bα,δBα,δ,

wherebα,δ is called the B-net ordinate ofp with respect toδ. This gives
rise to a mapb : xα,δ 7→ bα,δ, |α| = k. Such a mapb is called the B-net
representation ofp with respect toδ.
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Let 4 be a triangulation of a polygonal domain inRn andSr
k(4) the

linear space of piecewise polynomial functions (splines) with total degree
≤ k and smoothness orderr on4.Assumes ∈ S0

k (4). Then on each simplex
δ ∈ 4, s agrees with some polynomialp ∈ πk. Thus, we have

s|δ =
∑
|α|=k

bα,δBα,δ.

Let X denote the set of all (domain) pointsxα,δ. Then a map can be defined
as follows:

bs : xα,δ 7→ bα,δ, |α| = k, δ ∈ 4.

Such a mapbs is called the B-net representation of the spline functions.
Let δ = [v0, v1, . . . , vn] andδ̃ = [v0, v1, . . . , ṽn] be twon-dimensional

simplices with a common(n−1)-dimensional face[v0, v1, . . . , vn−1]and de-
notevi = (vi1, vi2, . . . , vin), i = 0, 1, . . . , n, andṽn = (ṽn1, ṽn2, . . . , ṽnn).
Then the oriented volume of the simplexδ is

V := vol[v0, v1, . . . , vn] = 1

n!

∣∣∣∣∣∣∣∣∣

1 v01 v02 . . . v0n

1 v11 v12 . . . v1n

...
...

... . . .
...

1 vn1 vn2 . . . vnn

∣∣∣∣∣∣∣∣∣
. (1)

If we setv̂i = ṽn, then we will denote the oriented volume of the simplex
[v0, v1, . . . , v̂i , . . . , vn] by

Vi := vol[v0, v1, . . . , v̂i , . . . , vn] = 1

n!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 v01 . . . v0n

...
... . . .

...

1 vi−11 . . . vi−1n

1 ṽn1 . . . ṽnn

1 vi+11 . . . vi+1n

...
... . . .

...

1 vn1 . . . vnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2)

The following result, which describesCr -smoothness conditions on a
spline functions in terms of its B-net representation, is from [11] (see also
[12,13]).

Theorem 1 Suppose that the piecewise polynomial functions is defined on
δ ∪ δ̃ by

s|δ =
∑
|α|=k

bα,δBα,δ,

s|δ̃ =
∑
|α|=k

bα,δ̃Bα,δ̃.
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Thens ∈ Cr(δ ∪ δ̃) if and only if, for all positive integers̀ ≤ r and
α = (α0, α1, . . . , αn−1, 0) ∈ Zn+1

+ with |α| = k − `,

bα+`en+1,δ̃ =
∑
|β|=`

(
`

β

)
bα+β,δ

V
β0
0 . . . V

βn
n

V |β| , (3)

whereβ = (β0, β1, . . . , βn) anden+1 = (0, . . . , 0, 1) are inZn+1
+ .

For the purpose of studying stability of the space of bivariate splines with
smoothness orderr and total degreek ≥ 3r +2, the following new formula-
tion of smoothness conditions is derived in [14]. Letα = (α1, . . . , αn) ∈ Zn+.
We use standard multi-index notations. We say thatγ ≤ α if and only if
γi ≤ αi for i = 1, . . . , n. Forα, γ ∈ Zn+ with γ ≤ α, we have

ξα = ξ
α1
1 . . . ξαn

n ,

α! = α1! . . . αn!,
(α − γ )! = (α1 − γ1)! . . . (αn − γn)!

and (
α

γ

)
=

(
α1

γ1

)
. . .

(
αn

γn

)
= α!

(α − γ )!γ ! .

Let

Cα,δ :=
∑
γ≤α

(−1)|α−γ |
(

α

γ

)
b(xγ,δ),

where

xα,δ := (k − α1 − · · · − αn)v0 + α1v1 + · · · + αnvn

k
.

We have the following formulation of smoothness conditions for multi-
variate spline functions [14].

Theorem 2 A spline functions ∈ C0(δ ∪ δ̃) is of smoothness orderr if and
only if the corresponding terms{Cα,δ} and{Cα,δ̃} satisfy the condition:

Cα,δ̃ =
∑

|γ −|≤αn

C(α+γ −−|γ −|en),δ

αn!
γ −!(αn − |γ −|!)

V
γ1
1 . . . V

γn−1
n−1 V

αn−|γ −|
n

V αn

(4)

for 1 ≤ αn ≤ r, α, γ ∈ Zn+ with |α| = k, whereγ − := (γ1, . . . , γn−1, 0) ∈
Zn+.

An application of this smoothness formulation can be found in [6].
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3 Smoothness conditions of quartic and quintic splines

In this section and the next, we restrict ourselves to the two-dimensional
setting. Letδ1 = [v0, v1, v2] be a planar non-degenerate simplex with ver-
ticesvi = (xi, yi) ∈ R2, i = 0, 1, 2. Letξ = (ξ0, ξ1, ξ2) be the barycentric
coordinates ofx ∈ R2 with respect to the simplexδ1. Set

λi := yj − yk,

µi := −(xj − xk),

νi := xjyk − yjxk,

with (i, j, k) a cycling of the subscripts in cyclic order 0→ 1 → 2 → 0.
Clearly, the following equalities hold:


λ0 + λ1 + λ2 = 0
µ0 + µ1 + µ2 = 0
ν0 + ν1 + ν2 = 0.

(5)

Also the barycentric coordinates can be expressed as
 ξ0

ξ1

ξ2


 = 1

A(1)


ν0 λ0 µ0

ν1 λ1 µ1

ν2 λ2 µ2





 1

x

y


 , (6)

where

A(1) := 2 area[v0, v1, v2] =
∣∣∣∣∣∣

1 x0 y0

1 x1 y1

1 x2 y2

∣∣∣∣∣∣
is the oriented area of the simplexδ1 as given in (1).

For a bivariate polynomialp with total degreek with B-net representation
b(1)

α , i.e.,

p =
∑
|α|=k

b(1)
α Bα,δ1 =

∑
|α|=k

b(1)
α0α1α2

Bα,δ1, (7)

we have the following[
∂p

∂x
∂p

∂y

]
=

[
∂ξ0
∂x

∂ξ1
∂x

∂ξ0
∂y

∂ξ1
∂y

] [
∂p

∂ξ0
∂p

∂ξ1

]

= 1

A(1)

[
λ0 λ1

µ0 µ1

] [
∂p

∂ξ0
∂p

∂ξ1

]

=
∑

|α|=k−1

k

A(1)

(|α|
α

) [
λ0 λ1

µ0 µ1

] [413b
(1)
α

423b
(1)
α

]
ξ

α0
0 ξ

α1
1 ξ

α2
2 , (8)
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where
413b

(1)
α := b

(1)
α0+1α1α2

− b
(1)
α0α1α2+1,

423b
(1)
α := b

(1)
α0α1+1α2

− b
(1)
α0α1α2+1,

and


∂2p

∂x2

∂2p

∂y2

∂2p

∂x∂y


 =




(
∂ξ0
∂x

)2 (
∂ξ1
∂x

)2 2∂ξ0
∂x

∂ξ1
∂x

(
∂ξ0
∂y

)2 (
∂ξ1
∂y

)2 2∂ξ0
∂y

∂ξ1
∂y

∂ξ0
∂x

∂ξ0
∂y

∂ξ1
∂x

∂ξ1
∂y

∂ξ0
∂x

∂ξ1
∂y

+ ∂ξ1
∂x

∂ξ0
∂y







∂2p

∂ξ0
2

∂2p

∂ξ1
2

∂2p

∂ξ0∂ξ1




= 1

(A(1))2


 (λ0)

2 (λ1)
2 2λ0λ1

(µ0)
2 (µ1)

2 2µ0µ1

λ0µ0 λ1µ1 λ0µ1 + λ1µ0







∂2p

∂ξ0
2

∂2p

∂ξ1
2

∂2p

∂ξ0∂ξ1




=
∑

|α|=k−2

k(k − 1)

(A(1))2

(|α|
α

) 
 (λ0)

2 (λ1)
2 2λ0λ1

(µ0)
2 (µ1)

2 2µ0µ1

λ0µ0 λ1µ1 λ0µ1 + λ1µ0


 ×

×

413 413 b(1)

α

423 423 b(1)
α

413 423 b(1)
α


 ξ

α0
0 ξ

α1
1 ξ

α2
2 . (9)

Let f ∈ C2(�). We consider the following interpolation problem on the
simplexδ1 = [v0, v1, v2]:

Find a quintic bivariate polynomialp ∈ π5 such that


p|vi
= f |vi

:= fi, i = 0, 1, 2
∂p

∂x
|vi

= ∂f

∂x
|vi

:= Dxfi, i = 0, 1, 2
∂p

∂y
|vi

= ∂f

∂y
|vi

:= Dyfi, i = 0, 1, 2
∂2p

∂x2 |vi
= ∂2f

∂x2 |vi
:= Dxxfi, i = 0, 1, 2

∂2p

∂y2 |vi
= ∂2f

∂y2 |vi
:= Dyyfi, i = 0, 1, 2

∂2p

∂x∂y
|vi

= ∂2f

∂x∂y
|vi

:= Dxyfi, i = 0, 1, 2

. (10)

Substituting (7), (8) and (9) into (10), we obtain equivalent interpolation
conditions in terms of the B-net ordinateb(1)

α as follows:

f0 = b
(1)

500, f1 = b
(1)

050, f2 = b
(1)

005,

Dxf0 = 5

A(1)

[
λ0b

(1)

500 + λ1b
(1)
410 + λ2b

(1)
401

]
,

Dxf1 = 5

A(1)

[
λ1b

(1)

050 + λ2b
(1)
041 + λ0b

(1)
140

]
,
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Dxf2 = 5

A(1)

[
λ2b

(1)

005 + λ0b
(1)
104 + λ1b

(1)
014

]
,

Dyf0 = 5

A(1)

[
µ0b

(1)

500 + µ1b
(1)
410 + µ2b

(1)
401

]
,

Dyf1 = 5

A(1)

[
µ1b

(1)

050 + µ2b
(1)
041 + µ0b

(1)
140

]
,

Dyf2 = 5

A(1)

[
µ2b

(1)

005 + µ0b
(1)
104 + µ1b

(1)
014

]
,

Dxxf0 = c
[
λ2

0b
(1)

500 + λ2
1b

(1)
320 + λ2

2b
(1)
302 + 2λ0λ2b

(1)
401 + 2λ1λ0b

(1)
410 +

+ 2λ2λ1b
(1)
311

]
,

Dxxf1 = c
[
λ2

1b
(1)

050 + λ2
2b

(1)
032 + λ2

0b
(1)
230 + 2λ1λ0b

(1)
140 + 2λ2λ1b

(1)
041 +

+ 2λ0λ2b
(1)
131

]
,

Dxxf2 = c
[
λ2

2b
(1)

005 + λ2
0b

(1)
203 + λ2

1b
(1)
023 + 2λ2λ1b

(1)
014 + 2λ0λ2b

(1)
104 +

+ 2λ1λ0b
(1)
113

]
,

Dyyf0 = c
[
µ2

0b
(1)

500 + µ2
1b

(1)
320 + µ2

2b
(1)
302 + 2µ0µ2b

(1)
401 + 2µ1µ0b

(1)
410 +

+ 2µ2µ1b
(1)
311

]
,

Dyyf1 = c
[
µ2

1b
(1)

050 + µ2
2b

(1)
032 + µ2

0b
(1)
230 + 2µ1µ0b

(1)
140 + 2µ2µ1b

(1)
041 +

+ 2µ0µ2b
(1)
131

]
,

Dyyf2 = c
[
µ2

2b
(1)

005 + µ2
0b

(1)
203 + µ2

1b
(1)
023 + 2µ2µ1b

(1)
014 + 2µ0µ2b

(1)
104 +

+ 2µ1µ0b
(1)
113

]
,

Dxyf0 = c
[
λ0µ0b

(1)

500 + λ1µ1b
(1)
320 + λ2µ2b

(1)
302 + (λ0µ2 + λ2µ0)b

(1)
401+

+ (λ1µ0 + λ0µ1)b
(1)
410 + (λ2µ1 + λ1µ2)b

(1)
311

]
,

Dxyf1 = c
[
λ1µ1b

(1)

050 + λ2µ2b
(1)
032 + λ0µ0b

(1)
230 + (λ1µ0 + λ0µ1)b

(1)
140 +

+ (λ2µ1 + λ1µ2)b
(1)
041 + (λ0µ2 + λ2µ0)b

(1)
131

]
,

Dxyf2 = c
[
λ2µ2b

(1)

005 + λ0µ0b
(1)
203 + λ1µ1b

(1)
023 + (λ2µ1 + λ1µ2)b

(1)
014 +

+ (λ0µ2 + λ2µ0)b
(1)
104 + (λ1µ0 + λ0µ1)b

(1)
113

]
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with c = 20/(A(1))2. Then we can solve for some B-net ordinatesb(1)
α of p

as follows:

b
(1)

500 = f0, b
(1)

050 = f1, b
(1)

005 = f2,

b
(1)
410 = f0 + 1

5

[
µ2Dxf0 − λ2Dyf0

]
,

b
(1)
401 = f0 − 1

5

[
µ1Dxf0 − λ1Dyf0

]
,

b
(1)
041 = f1 + 1

5

[
µ0Dxf1 − λ0Dyf1

]
, (11)

b
(1)
140 = f1 − 1

5

[
µ2Dxf1 − λ2Dyf1

]
,

b
(1)
104 = f2 + 1

5

[
µ1Dxf2 − λ1Dyf2

]
,

b
(1)
014 = f2 − 1

5

[
µ0Dxf2 − λ0Dyf2

]
,

b
(1)
302 = −b

(1)

500 + 2b
(1)
401 + 1

20

[
µ2

1Dxxf0 − 2λ1µ1Dxyf0 + λ2
1Dyyf0

]
,

b
(1)
320 = −b

(1)

500 + 2b
(1)
410 + 1

20

[
µ2

2Dxxf0 − 2λ2µ2Dxyf0 + λ2
2Dyyf0

]
,

b
(1)
311 = −b

(1)

500 + b
(1)
410 + b

(1)
401

− 1

20

[
µ1µ2Dxxf0 − (λ2µ1 + λ1µ2)Dxyf0 + λ1λ2Dyyf0

]
,

b
(1)
230 = −b

(1)

050 + 2b
(1)
140 + 1

20

[
µ2

2Dxxf1 − 2λ2µ2Dxyf1 + λ2
2Dyyf1

]
,

b
(1)
032 = −b

(1)

050 + 2b
(1)
041 + 1

20

[
µ2

0Dxxf1 − 2λ0µ0Dxyf1 + λ2
0Dyyf1

]
,

b
(1)
131 = −b

(1)

050 + b
(1)
041 + b

(1)
140

− 1

20

[
µ2µ0Dxxf1 − (λ0µ2 + λ2µ0)Dxyf1 + λ2λ0Dyyf1

]
,

b
(1)
023 = −b

(1)

005 + 2b
(1)
014 + 1

20

[
µ2

0Dxxf2 − 2λ0µ0Dxyf2 + λ2
0Dyyf2

]
,

b
(1)
203 = −b

(1)

005 + 2b
(1)
104 + 1

20

[
µ2

1Dxxf2 − 2λ1µ1Dxyf2 + λ2
1Dyyf2

]
,

b
(1)
113 = −b

(1)

005 + b
(1)
104 + b

(1)
014

− 1

20

[
µ0µ1Dxxf2 − (λ1µ0 + λ0µ1)Dxyf2 + λ0λ1Dyyf2

]
.

We note that there are three B-net ordinatesb
(1)
221,b

(1)
212andb(1)

122ofp that are
not given. In fact, they can not be uniquely determined by the interpolation
condition (9). It is easy to show that, if we add three additional interpolation
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b(1) b(1)

b(1)

212

221

122

V0 V1

V2

Fig. 1.The free parameters ofp ∈ 55 on a triangle

conditions as
p|vi

= f |vi
:= fi, i = 3, 4, 5,

wherev3, v4 andv5 are internal points ofδ1 with barycentric coordinates
(2

5,
2
5,

1
5), (2

5,
1
5,

2
5) and (1

5,
2
5,

2
5) respectively, thenb(1)

221, b
(1)
212 andb

(1)
122 are

uniquely determined. However, we are not going to do so. For convenience
we will keep them undetermined at first so that the free parameters to any
polynomialp on a simplex can be chosen as the function values and all the
first and second derivative values at the three vertices as well as the three
B-net ordinatesb(1)

221, b
(1)
212 andb

(1)
122 (see Fig. 1). In the following, we will

see that this group of new free parameters of quintic polynomials can be
used to simplify the smoothness conditions and conformality conditions of
bivariateC2 quintic splines.

As shown in Fig. 2, letδ1 = [v0, v1, v2] andδ2 = [v0, v1, v3] be two
adjacent triangles with a common edge[v0, v1] wherevi = (xi, yi), i =
0, 1, 2, 3. For convenience, letA(1) denote the area of the triangleδ1 and

A
(1)
0 := area[v3, v1, v2],

A
(1)
1 := area[v1, v3, v2],

A
(1)
2 := area[v0, v1, v3].

ClearA(1)
2 = A(2). Suppose that the piecewise quintic polynomial function

F(x, y) is defined onδ1 ∪ δ2 by

F |δ1 := f =
∑
|α|=5

b(1)
α Bα,δ1,
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b(2) b(2)

b(2)

b(1) b(1)

b(1)

212

212

221

221

122

122

V0 V1

V2

V3

Fig. 2.B-net of a quintic spline onδ1 ∪ δ2

F |δ2 := g =
∑
|α|=5

b(2)
α Bα,δ2.

Let gi = g(vi), i = 0, 1, 2, Dxgi := ∂g

∂x
|vi

, Dygi := ∂g

∂y
|vi

, Dxxgi :=
∂2g

∂x2 |vi
, Dyygi := ∂2g

∂y2 |vi
, Dxygi := ∂2g

∂x∂y
|vi

, i = 0, 1. Then the smoothness

conditions of the bivariateC2 quintic splines in Theorem 1 can be simplified
as follows:

b(2)
α =b(1)

α , α=(α0, α1, 0),|α|=5,

b
(2)

α+e3 =
∑
|β|=1

b
(1)
α+β

(A
(1)
0 )β0(A

(1)
1 )β1(A

(1)
2 )β2

A(1)
, α=(α0, α1, 0),|α|=4,

b
(2)

α+2e3 =
∑
|β|=2

( |β|
β

)
b

(1)
α+β

(A
(1)
0 )β0(A

(1)
1 )β1(A

(1)
2 )β2

(A(1))2
, α=(α0, α1, 0),|α|=3.

More specifically, we have

b
(2)

500 = b
(1)

500, (12)

b
(2)
410 = b

(1)
410, (13)

b
(2)
320 = b

(1)
320, (14)

b
(2)
230 = b

(1)
230, (15)

b
(2)
140 = b

(1)
140, (16)

b
(2)

050 = b
(1)

050, (17)

b
(2)
401 = 1

A(1)

[
b

(1)

500A
(1)
0 + b

(1)
410A

(1)
1 + b

(1)
401A

(1)
2

]
, (18)
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b
(2)
311 = 1

A(1)

[
b

(1)
410A

(1)
0 + b

(1)
320A

(1)
1 + b

(1)
311A

(1)
2

]
, (19)

b
(2)
221 = 1

A(1)

[
b

(1)
320A

(1)
0 + b

(1)
230A

(1)
1 + b

(1)
221A

(1)
2

]
, (20)

b
(2)
131 = 1

A(1)

[
b

(1)
230A

(1)
0 + b

(1)
140A

(1)
1 + b

(1)
131A

(1)
2

]
, (21)

b
(2)
041 = 1

A(1)

[
b

(1)
140A

(1)
0 + b

(1)

050A
(1)
1 + b

(1)
041A

(1)
2

]
, (22)

b
(2)
302 = 1

(A(1))2

[
b

(1)

500(A
(1)
0 )2 + b

(1)
320(A

(1)
1 )2 + b

(1)
302(A

(1)
2 )2 +

+2b
(1)
410A

(1)
0 A

(1)
1 + 2b

(1)
401A

(1)
0 A

(1)
2 + 2b

(1)
311A

(1)
1 A

(1)
2

]
, (23)

b
(2)
212 = 1

(A(1))2

[
b

(1)
410(A

(1)
0 )2 + b

(1)
230(A

(1)
1 )2 + b

(1)
212(A

(1)
2 )2 +

+2b
(1)
320A

(1)
0 A

(1)
1 + 2b

(1)
311A

(1)
0 A

(1)
2 + 2b

(1)
221A

(1)
1 A

(1)
2

]
, (24)

b
(2)
122 = 1

(A(1))2

[
b

(1)
140(A

(1)
1 )2 + b

(1)
122(A

(1)
2 )2 + b

(1)
320(A

(1)
0 )2 +

+2b
(1)
230A

(1)
0 A

(1)
1 + 2b

(1)
221A

(1)
0 A

(1)
2 + 2b

(1)
131A

(1)
1 A

(1)
2

]
, (25)

b
(2)
032 = 1

(A(1))2

[
b

(1)

050(A
(1)
1 )2 + b

(1)
032(A

(1)
2 )2 + b

(1)
230(A

(1)
0 )2 +

+2b
(1)
140A

(1)
0 A

(1)
1 + 2b

(1)
041A

(1)
1 A

(1)
2 + 2b

(1)
131A

(1)
0 A

(1)
2

]
. (26)

Corresponding to the splines determined by the given interpolation con-
ditions, we have the following.

Theorem 3 Suppose that the piecewise quintic polynomial functionF(x, y)

is defined onδ1 ∪ δ2 andF |δ1 = f , F |δ2 = g, where f and g are determined
by the interpolation conditions (10). ThenF(x, y) ∈ C1(δ1 ∪ δ2) if and only
if

b
(2)
221 = 1

A(1)

[
b

(1)
320A

(1)
0 + b

(1)
230A

(1)
1 + b

(1)
221A

(1)
2

]
, (27)

whereb
(1)
320 andb

(1)
230 are defined as in (12).

Theorem 4 Suppose that the piecewise quintic polynomial functionF(x, y)

is defined onδ1 ∪ δ2 andF |δ1 = f , F |δ2 = g, where f and g are determined
by the interpolation conditions (10). ThenF(x, y) ∈ C2(δ1 ∪ δ2) if and only
if

b
(2)
221 = 1

A(1)

[
b

(1)
320A

(1)
0 + b

(1)
230A

(1)
1 + b

(1)
221A

(1)
2

]
,
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b
(2)
212 = 1

(A(1))2

[
b

(1)
410(A

(1)
0 )2 + b

(1)
230(A

(1)
1 )2 + b

(1)
212(A

(1)
2 )2 +

+2b
(1)
320A

(1)
0 A

(1)
1 + 2b

(1)
311A

(1)
0 A

(1)
2 + 2b

(1)
221A

(1)
1 A

(1)
2

]
,

b
(2)
122 = 1

(A(1))2

[
b

(1)
140(A

(1)
1 )2 + b

(1)
122(A

(1)
2 )2 + b

(1)
320(A

(1)
0 )2 +

+2b
(1)
230A

(1)
0 A

(1)
1 + 2b

(1)
221A

(1)
0 A

(1)
2 + 2b

(1)
131A

(1)
1 A

(1)
2

]
,

whereb
(1)
320, b

(1)
230, b

(1)
410, b

(1)
140, b

(1)
311 andb

(1)
131 are defined as in (12).

Proof We prove only Theorem 4. First, we notice that equalities (12) and
(17) are respectively equivalent to

g0 = f0, g1 = f1. (28)

Next, if we set

λ′
0 := y1 − y3, λ′

1 := y0 − y3, λ′
2 := y1 − y2 = λ2,

µ′
0 := −(x1 − x3), µ′

1 := −(x0 − x3), µ′
2 := −(x1 − x2) = µ2,

then, from ∣∣∣∣∣∣
−µ2 λ2 λ2

µ0 −λ0 −λ0

µ′
0 −λ′

0 −λ′
0

∣∣∣∣∣∣ = 0,

we have

λ2

∣∣∣∣µ0 −λ0

µ′
0 −λ′

0

∣∣∣∣ + λ0

∣∣∣∣−µ2 λ2

µ′
0 −λ′

0

∣∣∣∣ − λ′
0

∣∣∣∣−µ2 λ2

µ0 −λ0

∣∣∣∣ = 0,

i.e.,

λ2A
(1)
0 + λ′

0A
(1) = λ0A

(1)
2 . (29)

Similarly,
λ2A

(1)
1 + λ′

1A
(1) = λ1A

(1)
2 . (30)

So from (13) and (18), we have

Dxg0= 5

A(2)
(λ′

0b
(2)

500 + λ′
1b

(2)
410 + λ′

2b
(2)
401)

= 5

A
(1)
2

(λ′
0b

(1)

500 + λ′
1b

(1)
410 + λ2b

(2)
401)

= 5

A
(1)
2

[
λ′

0b
(1)

500 + λ′
1b

(1)
410 + λ2

1

A(1)
(b

(1)

500A
(1)
0 + b

(1)
410A

(1)
1 + b

(1)
401A

(1)
2 )

]
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= 5

A(1)A
(1)
2

[
(λ2A

(1)
0 + λ′

0A
(1))b

(1)

500 + (λ2A
(1)
1 + λ′

1A
(1))b

(1)
410 + λ2A

(1)
2 b

(1)
401

]

= 5

A(1)
(λ0b

(1)

500 + λ1b
(1)
410 + λ2b

(1)
401] = Dxf0. (31)

Furthermore, note that (13) is equivalent to

g0 + 1

5

[
µ′

2Dxg0 − λ′
2Dyg0

] = f0 + 1

5

[
µ2Dxf0 − λ2Dyf0

]
,

so that, together with (28) and (31), we obtain

Dyg0 = Dyf0. (32)

Similarly, (16) and (22) are equivalent to

Dxg1 = Dxf1, Dyg1 = Dyf1. (33)

Next we examine the second derivatives. Combining (14), (19) and (23), we
have

Dxxg0 = 20

(A(2))2

[
(λ′

0)
2b

(2)

500 + (λ′
1)

2b
(2)
320 + (λ′

2)
2b

(2)
302 +

+2λ′
0λ

′
2b

(2)
401 + 2λ′

1λ
′
0b

(2)
410 + 2λ′

2λ
′
1b

(2)
311

]
= 20

(A(2))2

{
(λ′

0)
2b

(1)

500 + (λ′
1)

2b
(1)
320 + 2λ′

1λ
′
0b

(1)
410 +

+λ2
2

1

(A(1))2

[
b

(1)

500(A
(1)
0 )2 + b

(1)
320(A

(1)
1 )2 + b

(1)
302(A

(1)
2 )2 +

+2b
(1)
410A

(1)
0 A

(1)
1 + 2b

(1)
401A

(1)
0 A

(1)
2 + 2b

(1)
311A

(1)
1 A

(1)
2

]
+

+2λ′
0λ2

1

A(1)

[
b

(1)

500A
(1)
0 + b

(1)
410A

(1)
1 + b

(1)
401A

(1)
2

]
+

+2λ2λ
′
1

1

A(1)

[
b

(1)
410A

(1)
0 + b

(1)
320A

(1)
1 + b

(1)
311A

(1)
2

]}

= 20

(A(2))2

{
1

(A(1))2
(λ2A

(1)
0 + λ′

0A
(1))2b

(1)

500 +

+ 1

(A(1))2
(λ2A

(1)
1 + λ′

1A
(1))2b

(1)
320 +

+λ2
2

(A
(1)
2 )2

(A(1))2
b

(1)
302 + 2λ2(λ2A

(1)
0 + λ′

0A
(1))

A
(1)
2

(A(1))2
b

(1)
401 +

+2(λ2A
(1)
0 + λ′

0A
(1))(λ2A

(1)
1 + λ′

1A
(1))

1

(A(1))2
b

(1)
410 +



56 H.-W. Liu, D. Hong

+2λ2(λ2A
(1)
1 + λ′

1A
(1))

A
(1)
2

(A(1))2
b

(1)
311

}

= 20

(A(1))2

[
λ2

0b
(1)

500 + λ2
1b

(1)
320 + λ2

2b
(1)
302 +

+ 2λ0λ2b
(1)
401 + 2λ1λ0b

(1)
410 + 2λ2λ1b

(1)
311

]
= Dxxf0. (34)

In addition, from (14), (19) and (23), we obtain

Dyyg0 = Dyyf0, Dxyg0 = Dxyf0. (35)

And similarly, we can prove that (15), (21) and (26) are equivalent to

Dxxg1 = Dxxf1, Dyyg1 = Dyyf1, Dxyg1 = Dxyf1. (36)

This completes the proof of the theorem.ut
Theorem 4 indicates that the quintic splineF(x, y) ∈ S2

5(δ1 ∪ δ2) can
be determined by the given valuesF |vi

, DxF |vi
, DyF |vi

, DxxF |vi
, DyyF |vi

,
DxyF |vi

, i = 0, 1, 2, 3 and the three B-net ordinatesb
(1)
221, b

(1)
212 andb

(1)
122 (or

b
(2)
221, b

(2)
212 andb

(2)
122). Thus there are twenty seven free parameters in total to

uniquely determine a quinticC2 spline onδ1 ∪ δ2.
Similarly, for any quartic polynomialp(x, y) on a simplex, the free pa-

rameters ofp can be chosen as the function values and all the first derivative
values at the three vertices and the function values on all the middle points
of three edges and the three B-net ordinatesb

(1)
211, b

(1)
112 andb

(1)
121, which are

plotted in Fig. 3.

V0 V1

V2

Fig. 3.The free parameters ofp ∈ 54 on a triangle
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V0 V1

V2

V3

b(1)
b(1)

b(1)

b(2) b(2)

b(2)

112

112

121

121

211

211

Fig. 4.B-net of a quartic spline onδ1 ∪ δ2

In addition, we have the following smoothness conditions forC1 quartic
splines.

Theorem 5 Suppose that the piecewise quartic polynomial functionF(x, y)

is defined onδ1 ∪ δ2 as shown in Fig. 4 and thatF |δ1 = f , F |δ2 = g where
f and g satisfy the following conditions


fi = gi, i = 0, 1

f (v0+v1
2 ) = g(v0+v1

2 )

Dxfi = Dxgi, i = 0, 1
Dyfi = Dygi, i = 0, 1.

(37)

ThenF(x, y) ∈ C1(δ1 ∪ δ2) if and only if

b
(2)
211 = 1

A(1)

[
b

(1)
310A

(1)
0 + b

(1)
220A

(1)
1 + b

(1)
211A

(1)
2

]
,

b
(2)
121 = 1

A(1)

[
b

(1)
220A

(1)
0 + b

(1)
130A

(1)
1 + b

(1)
121A

(1)
2

]
,

where

b
(1)
310 = f0 + 1

4
(µ2Dxf0 − λ2Dyf0),

b
(1)
130 = f1 − 1

4
(µ2Dxf1 − λ2Dyf1),

b
(1)
220 = 1

6
(16f (

v0 + v1

2
) − 5f0 − 5f1 − µ2Dxf0 + λ2Dyf0 +

+ µ2Dxf1 − λ2Dyf1).
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We can see from Theorem 5 that the quartic splineF(x, y) ∈ S1
4(δ1∪δ2)

can be determined by the given valuesF |vi
, DxF |vi

, DyF |vi
, i = 0, 1, 2, 3,

F(v0+v1
2 ), F(v0+v2

2 ), F(v0+v3
2 ), F(v1+v2

2 ), F(v1+v3
2 ), b

(1)
112, b

(1)
112, andb

(1)
211 and

b
(1)
121 (or b

(2)
211 andb

(2)
121). Thus there are twenty one free parameters in total to

uniquely determine a quarticC1 spline onδ1 ∪ δ2.

4 Conformality conditions of bivariate quartic splines

In this section, we discuss conformality conditions of bivariate quartic
splines. Following the notation in [16], the union of all the triangles with the
common vertexv of a triangulation1 is called astandard cell with interior
vertexv and denoted by1v. The boundary vertices of1v, in the counter-
clockwise direction, are denoted byvj , j = 1, 2, . . . , d. The number of
edges emanating fromv is called the degree ofv and denoted by deg(v).
We call a triangulation4 an odd- (even-) triangulation if the degree of each
interior vertex in4 is an odd (even) number. For a standard cell1v with
interior vertexv as shown in Fig. 5, we define

v0 = v, ej = [v0, vj ],
A(j) = area[vj+1, v0, vj , ],
A

(j)

0 = area[vj+2, v0, vj ],
A

(j)

1 = area[vj+1, vj+2, vj ],
A

(j)

2 = area[vj+1, v0, vj+2],
wherej = 1, . . . , d, andj + 1 andj + 2 are taken mod(d).

For a triangulation1, suppose that1v is a standard cell with an interior
vertexv of the triangulation1. Then the conditions (or linear equations)
which a splines ∈ Sr

k(1) satisfies around the vertexv are called conformal-
ity conditions. The conformality conditions in terms of smooth cofactors
was first studied by Wang in [17]. In [18,19] (see also [20]), in order to
give an integral representation of bivariate splines, Liu introduced so-called
integral conformality conditions of bivariate splines. In [15], a simple con-
formality condition for bivariate cubicC1 splines was given. Here, we give
other conformality conditions on bivariate quartic super splines in terms of
the new set of smoothness conditions obtained in Theorem 5.

The concept of general super splines was introduced by Schumaker in
[21]. The subspace of super splines of smoothnessr and degree≤ k with
enhanced smoothness orderθ ≥ r is defined as

S
r,θ
k (1) = {s ∈ Sr

k(1) : s ∈ Cθ at each vertex of1}.
We consider the conformality conditions for bivariate quartic splines based
on the quartic super spline spaceS0,1

4 (1). For this purpose, corresponding
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V0

V1

V2

121

V3

b(1)

b(1)

b(2)
b(2)

b(2)

112

112

121

121

211

V4

Vd

Vd-1

b(1)

b(3)

b(3)

b(3)

b(d-1)

b(d-1)

b(d-1)
b(d)

b(d)

b(d)

112

112

112

211

211

211 211

121

121

Fig. 5.The standard cell5v0

to1v for an interior vertexv := v0 = (x0, y0) with d = deg(v) and vertices
vj = (xj , yj ), j = 1, . . . , d, being in the counter-clockwise direction, we
define

sj = s(vj ), Dxsj = ∂s

∂x
|vj

, Dysj = ∂s

∂y
|vj

for s ∈ S
0,1
4 (4v) andj = 0, . . . , d.

We have the following result on conformality conditions of bivariate
quartic splines.

Theorem 6 Supposes(x, y) ∈ S
0,1
4 (4v) is a bivariate super quartic spline

defined on a standard cell4v with an interior vertexv. Then the conformality
condition fors(x, y) ∈ S1

4(4v) is given by:

i) if d is an even number (d = 2N ), then

2N∑
j=1

(−1)j 1

A(j)A(j+1)

[
b

(j)

220A
(j)

0 + b
(j)

130A
(j)

1

]
= 0; (38)

ii) if d is an odd number (d=2N+1), then

b
(1)
121 = 1

2

2N+1∑
j=1

(−1)j+1 A(1)

A(j)A(j+1)

[
b

(j)

220A
(j)

0 + b
(j)

130A
(j)

1

]
. (39)
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Where

b
(j)

130 = s0 + 1

4
(xj+1 − x0) Dxs0 + 1

4
(yj+1 − y0) Dys0,

b
(j)

220 = 1

6

[
16s(

v0 + vj+1

2
) − 5s0 − 5sj+1 +

+(xj+1 − x0)(Dxs0 − Dxsj+1) + (yj+1 − y0)(Dys0 − Dysj+1)
]
.

Proof From Theorem 5, we have that, ifs ∈ S
0,1
4 (4v), thens ∈ S1

4(4v) iff

b
(j+1)

121 = [b(j)

220A
(j)

0 + b
(j)

130A
(j)

1 + b
(j)

121A
(j)

2 ]/A(j)

for j = 1, . . . , d. In other words, we have

b
(2)
121 = [b(1)

220A
(1)
0 + b

(1)
130A

(1)
1 + b

(1)
121A

(1)
2 ]/A(1),

b
(3)
121 = [b(2)

220A
(2)
0 + b

(2)
130A

(2)
1 + b

(2)
121A

(2)
2 ]/A(2),

. . . . . . . . . . . . . . . . . .

b
(d)
121 = [b(d−1)

220 A
(d−1)
0 + b

(d−1)
130 A

(d−1)
1 + b

(d−1)
121 A

(d−1)
2 ]/A(d−1),

b
(1)
121 = [b(d)

220A
(d)
0 + b

(d)
130A

(d)
1 + b

(d)
121A

(d)
2 ]/A(d).

Combining these equations and noticing thatA
(j)

2 = −A(j+1), we have

b
(1)
121 =

d∑
j=1

( d∏
`=j

A
(`)
2

A(`)

) 1

A
(j)

2

[b(j)

220A
(j)

0 + b
(j)

130A
(j)

1 ] + ( d∏
`=1

A
(`)
2

A(`)

)
b

(1)
121

=
d∑

j=1

(−1)d−j A(1)

A(j)A(j+1)
[b(j)

220A
(j)

0 + b
(j)

130A
(j)

1 ] + (−1)db
(1)
121.

This yields (38) ifd = 2N and (39) ifd = 2N + 1. This completes the
proof of the theorem.ut
Remark In Theorem 6, if4v is a quadrilateral withv being the intersection
point of the two diagonal lines, the vertexv is called a singular vertex. In
this case, equality (38) in Theorem 6 is an identity. This coincides with a
known result.
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