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In this paper, we introduce a partial differential equation (PDE) model to describe the
transmission dynamics of dengue with two viral strains and possible secondary infection
for humans. The model features the variable infectiousness during the infectious period,
which we call the infection age of the infectious host. We define two thresholds %7 and
%g,j = 1,2, and show that the strain j can not invade the system if %{ + %% < 1.
Further, the disease-free equilibrium of the system is globally asymptotically stable if
max;{%] + %3} < 1. When %] > 1, strain j dominance equilibrium & exists, and
is locally asymptotically stable when W{ > 1, Wi < gﬁi{,i,j =1,2,i # j, s € (0,1).
Then, by applying Lyapunov-LaSalle techniques, we establish the global asymptotical
stability of the dominance equilibrium corresponding to some strain j. This implies strain
j eliminates the other strain as long as %{ /%{ < bi/bj < 1,i# j, where b; denotes the
probability of a given susceptible mosquito being transmitted by a primarily infected
human with strain j. Finally, we study the existence of the coexistence equilibria under
some conditions.

Keywords: Dengue; two strains; stability; competitive exclusion; backward bifurcation

Mathematics Subject Classification 2020: 92D30, 35B35, 35Q92

1. Introduction

Dengue has become an important public health problem worldwide. It is affect-
ing tropical and subtropical regions of the world. It is estimated that in 2021,
390 million people at risk. About 50-100 million symptomatic cases per year, in
the African continent [39]. The dengue virus (DENV) is transmitted mainly by
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female mosquitoes, Aedes aegypti. DENV has four different strains [37]. It has been
shown that humans who have experienced a primary infection with one dengue
strain develop lifelong immunity against this strain, but still keep susceptible to
a different dengue strain. Secondary infections may lead to health complications
such as dengue hemorrhagic fever (DHF) or dengue shock syndrome [I3] B1]. Sec-
ondary infections have posed a major threat to global public health. Mathematical
modeling on dengue epidemiology has been motivated by its the recently frequent
outbreaks.

Mathematical modeling of mosquito-born diseases dates back to the work of Sir
Ronald Ross [32] 33]. The Ross—Macdonald model shows that the persistence and
the prevalence of infections in humans and mosquitos are determined by the basic
reproductive number [8, [@]. In recent years, based on the Ross—Macdonald model,
many authors have proposed models to investigate mosquito-borne diseases and
have designed sorts of control strategies [II, [T} 151 17, 20, 28| [30, B34} [35, 411, [42].
Noticing that many diseases are caused by more than one antigenically different
strains of the causative agent [4] 25]. Mathematical models for dengue transmission
with multiple strains were formulated by the ODEs in [I0} [14] [30] and PDEs in
[7,[21]. The dynamics of epidemiological models with multiple strains have attracted
many authors interesting for a long time (see [I1],[12, 19} 29]). One of the important
phenomena is found that the competitive exclusion principle occurs, which means
that when multiple strains circulate in the populations, only the strains with the
largest reproduction number persist and the strains with suboptimal reproduction
numbers are eliminated [26]. In paper [3], authors first show that the competitive
exclusion principle holds. It has been recognized that the humans’ infectivity is
varying during the infectious period, which may have a significant impact on the
occurrence of the secondary infections. In recent years, many authors [I8] 22], 27 [38]
are interested in modeling mosquito-borne diseases with infection age. However,
the effect of the strains infection duration (called infection age) on dengue strains
circulation in the populations is unclear.

In this paper, according to dengue epidemiology, we formulate a novel two-strain
dengue model with the secondary infection and the infection age. The dynamics of
the model are investigated. The phenomena of competitive exclusion and backward
bifurcation for dengue strains are found. This paper is organized as follows. In Sec.[2]
we introduce a two-strain, infection-age structured epidemic model with possible
secondary infection. In Sec. Bl we define a threshold reproduction number %’g, and
show the strain j will go extinct when %’g < 1. In Sec. @ we investigate the local
and global stability of the disease-free equilibrium. In Sec. Bl we investigate the
existence of dominant equilibria and its stability. In Sec.[6 we pay attention to the
uniform persistence of the strains. In Sec. [[l by constructing Lyapunov functions
and applying Lyapunov-LaSalle techniques, we show the global stability of the
strain dominance equilibrium. In Sec. 8 we study the existence of the coexistence
equilibria. At last, a brief discussion is given in Sec.
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2. Formulation of the Model

In this section, we formulate a two-strain dengue model describing the transmission
of DENV between humans and mosquitoes. The human population is classified into
three epidemiological classes, the susceptible, the infectious and the recovered class.
The mosquito populations are divided into two classes, the susceptible and infec-
tious mosquitoes. The biological descriptions of the state variable are summarized
in Table [l The total population sizes Ny (t) and N, (t) are, respectively

N(t) = $u(0)+ Y /0 " B, t)da+ S R0+ Y /0 " F(a, t)da + Ra(t),

j=1,j#i
Ny(t) = Sy(t) + IL(t) + I2(t).

Susceptible humans Sy, (t) increase at rate Aj,. Being bitten by an infected mosquito
with the strain ¢, the susceptible humans may enter the ith (i = 1,2) infectious
strain class I} (a,t). We define X}L(t) the force of infection primarily from the infected
mosquitoes with the strain 7 to humans, as the product of the number of mosquito
bites that one human has per unit time, by (Ny(t), N,(t)), the probability of the
disease transmission from the mosquito with the strain ¢ to human B}l and the
probability that the biting mosquito with infectious strain 7 per unit mosquito,
I'(t)/Ny(t). The infected humans I} (a,t) recover via the natural recovery or the
treatment, and enter the recovered class R} (t) at the rate v;(a). The recovered
humans R} (t) have life-long immunity against the strain i, but still are susceptible
to the different strain j (j = 1,2,i # j). In this case, the class R} () may be
regarded as a ‘semi-susceptible’ class while the class Sj,(t) can be regarded as a
completely susceptible class. Hence, when the humans in recovered class R} (t) are
bitten again by an infected mosquito with the strain j,j # i, they may enter the
infectious class I}/ (a, t). an;L (t) is the infection force of humans reinfection, where
the factor o; shows the difference in the transmission likelihood from the infected
mosquitoes with the strain 7. After humans in infected class I ;Lj (a,t) stay a duration
time, they enter the recovery class Ry, (t) at the rate v;(a).

Similarly, for mosquito populations, the susceptible mosquitoes S, (t) are born
at rate A, at time ¢. After bitting the infected humans with the strain 4, the suscep-
tible mosquitoes get infected with the strain ¢. The force of infection from humans

Table 1. Descriptions of the state variables in system (ZI)).

State variables Biological meaning

Sp(t) Number of susceptible humans

I;‘L(a, t) Number of infective humans with the infection age a and primarily strain 4
R} (t) Number of recovery humans from primarily infection strain j

1 ;j (a,t) Number of secondary infective humans with the infection age a and strain j
Ry (t) Number of recovery humans from secondary infection

Sy () Number of susceptible mosquitoes

Ii(t) Number of infective mosquitoes with strain ¢
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to mosquitoes A’ (¢) is defined as the sum of the force of infections from the infected
humans primarily I} (a,t) and the secondarily infected humans I}’ (a, t). The force
of infections from the infected humans primarily (or secondarily) is defined as the
product of the number of human bites one mosquito, b, (Ny(t), N,(t)), the prob-
ability of the disease transmission from the primarily (or secondarily) infectious
infectious human to the mosquitoes 3 (a) (or ¢3! (a)) and the probability that the
bitten humans is infected with the strain i, I} (a,t)/Ny(t) (or Iii(a,t)/Nh(t)). 0]
may characterize the difference in transmission likelihood from humans with the
primary or secondary infections to mosquito populations. A flowchart illustrating
the transitions between the humans and mosquitoes is shown in Fig. [l The bio-
logical meanings of the parameters in (2.J]) are summarized in Table 2 Let o, be
the number of times that one mosquito would bite humans per unit time, and oy,
be the maximum number of mosquito bites a human can have per unit time. With
similar ideas to paper [6], the total number of mosquito bites on humans is

0 Ny(t)onNp(t) fopes
bNR(®), No(t)) = 2o +};h1hvh(t) - UU(Nv(t)/N:(t)) oy Vo)

The total number of mosquito-human contacts depends on the population sizes of
both species. Thus b(N},(t), N, (t)) = bp(Np(t), Ny(t)) Ny, (t) can be regarded as the
number of bites humans per unite time, and b(Np, N,,) = b, (Np(t), Ny (t)) Ny (1) is
the number of bites mosquitoes per unite time. The total number of bites received
by all humans should keep same as the number of bites per mosquito per unite
time, that is

b (N (8), No(8)) Ni(t) = by (Na(t), N (8)) N (1)

Mosquito Population

muman Population /

Fig. 1. A flowchart for a two-strain dengue model with infection age and secondary infection.
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Table 2. Descriptions of parameters in system (2.

Parameters Biological meaning

Av/Ap The birth or recruitment rates of mosquitoes/humans

o/ en, The natural death rates of mosquitoes/humans

73( ) The recovery rate of the infected humans of infection age a with strain j

Bv( ) The transmission coefficient of the infected humans with strain j

ﬁ] The adequate bitting rate from an infected mosquito with strain j to the
susceptible humans

o) The factor characterizing the difference in transmission likelihood from
humans with primary or secondary infections to mosquitoes

o The factor showing the difference in transmission likelihood from mosquitoes

infected by strain j to humans with or without a previous dengue infection

Obviously, if N, /Ny is small, then factoring out Nj from the denominator and
setting N, /Nj, to 0, we obtain

i PRGNS * o T(at) + oI (a,t)
N (1) = oy 3 22 Ag,t:/ I A m\ Y g,
h( ) ﬁhNh(t) ( ) 0 ( ) Nh(t)
According to the flowchart (Fig. [l), a two-strain dengue epidemic model with
infection-age and secondary infection can be described in the following:

& - 11 ZAJ /M}Sv(t)
J -~ )

L) _ 55 (0)5,(t) - T (1),
dt

dS
A —M—ZA = 1 Sn(t),

oIl (a,t) N oI (a, t) _
da ot

I3(0,t) = X (£) S (t),

T~ [ @8 0da ~ 0% OR]0) - R 0),

(Nh""yj( ))Ii(aat)v (21)

oI (a,t oI (a,t .
n(@:t) O (@0 _ @) B a, ),

Oa ot
10,t) = 0, () R, (1),
ARy (t > >

;t( ) / y1(a)Ii (a,t)da + / v2(a)1y*(a, t)da — pin Ra(t).

0 0
From (21), we have
dNp(t
;t( ) < Ap — punNp(t).
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Thus it follows that

A
lim sup N, (t) < Zha N,

t—oo Hh

Similarly we can yield

d
—Ny(t) < Ay — oy Ny (t).
SN < Ay — N (1)
Therefore, we have
AU
hmsup Nq;(t) S L N11~
t—o0 /Jnu

_ Let Ni(t) = Np, N,(t) = N,. To simplify our notations, we rewrite Xfl(t) and
/\Z(t) in system 22), as X} (t) and M (t), respectively. Then, let 3] = 0,3, and
B2 (a) = 04/ (a)/Np. Notice that the equation for Rp(t) is decoupled from the
system. Thus, we can investigate the following dynamical system:

dS Av - Z A ,U/'US'U (t)
J ) .
@!Q:M@&w—mﬁw,
dt
dS
h =Ap— Z ), (t — i Sn(t),

oIl (a,t) N oI (a, t) _
da ot

I(0,t) = X, (£)Sh (1),

T = [T (@ e nda o R - R0

= (ki +75(a)) I (a, ), (2.2)

6Iii(a,t) N 8[ii(a,t) B
da ot a
I(0,) = 0 M, (8) RA (1)

~(un +7i(@) I (a, 1),

System (Z2) is equipped with the following initial conditions:
Sv(o) = Suo, I{,’(O) = 1507 S;,,(O) = Shos ]Z(a,O) - wj(a), R?L(O) = Riov

I,?(a, O) = wlg(a), I,%l(a, O) = wzl(a).

All the parameters are nonnegative and A, > 0,Ap >0, ¢ >0, 0 > 0, p, >0
and pp > 0. In order to perform mathematical analysis, we make the following
assumptions.

Assumption 2.1. The parameter-functions in system (Z2)) satisfy the following
conditions
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(1) The functions 3 (a) are bounded, uniformly continuous and inf{3?(a)} > 0 for
every j;

(2) The functions v;(a) € L*>°(0, 00) for every j;

(3) For each ¢, the functions 1;(a) and 1j;(a) all are integrable for every j.

Let us define

3 2 2 2
X=][RxRx[]L"0,00) x [TRx J[]L'(0,00).
j=1 j=1 j=1 j=1

By applying similar methods in paper [I8], it is easily verified that solutions of
system (Z2) with the initial conditions in the positive cone of X, are denoted by
X4, for t > 0. The following set is positively invariant for system (Z2)):

A

0= {(Sv,I,},If,Sh,I}L,I,%,R}L,Ri,lf,l,fl) EX | (So+1Iy+1))< u_

2 2
t)+2/ I(a,t)da + Y Rj(t) Z I“ a,t)da < =2
j=1"/0 i=1 1;1 Hn
FES

In the following, we investigate the dengue epidemiology of system (ZZ)) in the
set ).

3. The Reproduction Numbers and the Threshold Dynamics

We give the reproduction numbers for the two strains in the system. Noting that the
exit rate of the individual infected with the strain j from the infective compartment
is given by pn, + vj(a), then the probability of still being infectious after a time
units, denoted by 7;(a), is given by

7;(a) = e Jo (rntyi(@)do
Let
, i/ , A, [
Ry = =, Ky = — B (a)m;(a)da.
Mo My Jo

Here 9’251 represents the number of infected humans with the strain j produced by an
infected mosquito with the strain j during its whole infectious period in a completely
susceptible human population, %, gives the number of infected mosquitoes with
the strain j by a primarily infected human with the strain j during its whole
infectious period in a completely susceptible mosquito population. Let

: W A e
%] = 7,7, = 20 / B (a)m;(a)da.

Then the expression for 9’2{ gives the number of humans infected primarily by
the strain j produced in an entirely susceptible population (including humans and
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mosquitoes) by a typical primarily infected human with the strain j during its entire
infectious period. Similarly, let

A 37 A, [ . A
= (22 ) (22 [ smamaan ) = oyt

The expression for 92% gives the number of secondary infected humans by the strain
7 produced in a population, where all humans are in semi-susceptible class R;L and
the mosquitoes are susceptible, by a typical human with the secondary infection
the strain j during its entire infectious period. Let

B = R + R} = (1 + ¢0;) %]

Then %3 characterizes the overall infectivity of strain j. We define the disease
reproduction number, %, by

Ry = max{ A, B}
Specially, when all humans are semi-susceptible, we define it as Z. by
K. = max{ Ry, #3}.

To avoid confusion, the above expressions are summarized in Table
Now we first give the results on the threshold dynamics of strain j.

Table 3. The biology explanations for the threshold expressions.

) J
%1];1 =h The number of infected humans with strain j produced by a
o infected vector with strain j during its whole infectious
period in a completely susceptible humans population

oo
#, = Av / B9(a)mj(a)da The number of infected vectors with strain j by a primarily
Hu Jo infected human with strain j during its whole infectious
period in a completely susceptible vectors population
J [sS)
#] = Avfh / B9 (a)m;(a)da The number of human infected primarily by strain j produced
Ko Jo in an entirely susceptible population (including humans
and vectors) by a typical primarily infected human with
strain j during its entire infectious period
B [ . . "
Ry = —5— / @B (a)mj(a)da The number of human infected secondarily by strain j
Ko 0 produced in a population, where all humans are in semi-
susceptible class R;L and vectors are susceptible, by a
typical secondarily infected human with strain j during its
entire infectious period
Qg) = %{ + %% The overall infectivity of strain j
Ro = max{ %}, #*} The disease reproduction number
Re = max{R}, #3} The disease reproduction number when all the humans are
semi-susceptible
P Ry or #3 when B} = B2, Bl(a) = 82(a) and v1(a) = 12(a)
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Theorem 3.1. If 9’28 < 1, the strain j in system (Z2) will die out.

Proof. We only prove the case for one strain infection, the other case can also be
obtained easily. Let

Bj(t) = I}(0,1), Bu(t)=L;*(0,1), Bx(t)=I;"(0,1).

Integrating along the characteristic lines of system ([2.2]) yields

Bi(t — a)mi(a), a<t,
I}(a,t) = o (3.1)
’ 1 a)
—t)————,
la—n 2t i<
Bgl(t — a)m(a), a S t,
I?'(a,t) = o (3.2)
; L(a)
¢21(a’ t)ﬂ_l(a_t)a t <a.
From the first and the fourth equations of system (2.2)), we have
Av . A )
limsup S, (t) < —, limsup Si(t) < —h (3.3)

t—oo Ho t—o0 Uh
Then, from the second equation of system ([Z2]), when the time ¢ is sufficiently large,
we obtain
dly(t)
dt

< % /OOO ﬁ},(a)([é(a,t) + ¢Iﬁl(a7t)>da — ung(t). (34)

By the comparison principle, we have

t e’}
M) < I 0)e ot 4 / ¢Halt=9) / B1(a) (I} (a, 5) + 612 (a, ) dads
Mo Jo 0

t s
=1 (0)e " + &/ (6““(ts) / B(a)Bi (s — a)mi(a)da
0 0

Mo

the first term

+ e_.“'v(t_s) / ﬁ}] (a)wl (a, — S)ﬂda)ds (35)
s 1 (a - S)
the second term
A t s
+ /J_” <e—m,(t—s) / BL(a)pBai (s — a)m(a)da
v JO 0

the third term

+ e (t=9) /:O By(a)dipar (a — 5)#%@)%'

the fourth term
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Integrating and taking the superior limit of the first term yields

hmbup/ —ho(t= G)/ BL(a)Bi(s — a)m (a)dads
0

t—o0

< lim sup/ e Ho(t=s) / B (a)m (a)da (hm sup B, (t)> ds
0

t—oo t—o0

_li?ibogp (/ e Ho(t= g)ds>/ B (a)m (a)da (11?351331@))
/~L'u (/ BL(a)m(a ) <h?ib:ip31(t)> .

Integrating the second term yields

Thus,

[l e [ abamata ol s

< sup{ﬁi(a)}/ e_“v(t_S)/ P1(a — s)e e Jas 1107 g g

a 0 S

t o]

Ssup{ﬁ},(a)}/ e*“”(tfs)/ P1(a — s)e ***dads

a 0 s

t 0o

< Sup{ﬁi(a)}(”vt/ / 1(a — s)el 1) dads
< sup{pl(a)}e Ht / / Y1 (a)etv=Hr)3 dads

< sup{ﬁ}](a)}e*uvt/ e (o —1n)s o (/00 wl(a)da>

= sup{ﬁi(a)}ef“”te s </ vi(a )

= sup{A(a)} ———— —— ( / vile )

limsup/ e He(t= g)/ BL(a) (a — 5) ———"— ™ (a) dads = 0.

o0 m(a—$)

With similar arguments to the third and fourth terms, we obtain

limsup/ e Ho(t= g)/ BL(a)pBay (s — a)mi (a)dads

t—o0o

<¢_ (/ 8 (a)mi(a )(hﬁnggl(t))
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and
limsup/ e ho(t= 5)/ BY(a) s (a — s)—L m1(a) dads — 0.
t—oo JO m1(a — )

Consequently,

limsup I, (t) / B(a)m (a)da <limsupBl(t)+¢Slimsup321(t)>

=00 7) t—o0 t—00
Sh( LR2(4)IL(t
/ B () (a)da (hmwp Grsn(B)]; <>+¢hmsupw>
t—00 h t—00 Nh

t—o00 t—o0

S / ﬁv 71-1 da <hmbup ﬁh v )) ¢ hmbup (Ulﬁh 1)( ))) (36)

IA

<1+¢01>A;§h / 5 (a)m (a)da <nmsup (L}(t)))

t—o0o

=R <limsup L}(t)) .

t—o0

Since 2} < 1 and I} (t) is bounded, it follows that

limsup I, (t) = 0.

t—o0
Also notice that

BiSn(t —a)I,(t —a)
Ny,

0<I}0,t—a)= < Bt —a) — 0 (t — o0).

Hence,

limsup 7. (a, t) = limsup I;. (0, ¢ — a)m; (a) = 0.

t—o00 t—o0

Similarly,

limsup 17 (a,t) = 0.

t—o0

Therefore, (I} (t), I} (t), I?'(t)) — (0,0,0) as t — oo. This implies strain 1 in system
[22) will die out. The proof of Theorem Bl is completed. |

4. Global Stability of the Disease-Free Equilibrium

In this section, we investigate the global stability of the disease-free equilibrium in
system (Z2)). System (Z2]) always has a unique disease-free equilibrium &y, which
is given by

gO = (Sga 07 S}?v Oa 07 O)a

2450004-11
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where

where 0 = (0,0) is a two-dimensional zero vector.

First, we investigate the local stability of the disease-free equilibrium. Lineariz-
ing system (Z2)) at the disease-free equilibrium &, we get the following character-
istic equation:

o Avﬁ% > 1 —Aa
Aty = —2 B, (a)e” "1 (a)da. (4.1)
2% 0
Similarly, we can obtain another characteristic equation
ABE [
Aty = M—ﬁh/ B2(a)e™*ma(a)da. (4.2)
v 0

Now, we can state the following result.

Theorem 4.1. If Zy = max{%{, %3} < 1, the disease-free equilibrium & is locally
asymptotically stable, and if Bo = max{#1, %} > 1, it is unstable.

Proof. Let us assume max{%],%?} = %i > 1. We rewrite the characteristic
equation (1) in the form

BOEN+ O / ~ 8l(a)e 2 (a)da= 0. (4.3)
My 0

Obviously, the function % () is strictly increasing in the interval (0, 00) and

lim % (\) = 0.

A—00

Also notice that

1 oo
L(0) = o — % / B (a)m (a)da

:M<— vﬁh/ Ba(a)m (a >

= [y (1—%11) < 0.

Therefore, equation % (\) = 0 has a real positive root. The disease-free equilibrium
is unstable.
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Now we consider the case Zy < 1. Let

LHS £ \ + 1y,

4.4
RHS 2 %(\ A“ﬁh/ B (a)e=m; (a)da. Y

If Ao is any root of Eq. (A1) with nonnegative real part Relg > 0, it is easy to
show that

|ILHS| > o,
ABy [
‘RHS| S fg(R@)\o) S 32(0) = /.L— ﬁv(a)m (a)da

Avﬁ}ll
0

o0
=2 [ Blam@yda = o8} < < 1S
Obviously, this is a contradiction. Equation (#J]) has no root with nonnegative real
parts. Using similar arguments in Eq. [J]), it is easy to prove that Eq. (£2) has
a real positive root if Z? > 1 and has only the roots with negative real parts if
#? < 1. Therefore, the disease-free equilibrium is still unstable if %7 > 1. This
concludes the proof. O

Now we show the global behavior of the disease-free equilibrium &j.

Theorem 4.2. When %’g < 1,7 =1, 2, the disease-free equilibrium &y is global
asymptotically stable.

Proof. From Theorem L] we only need to show that the disease-free equilibrium
is globally attractive. In fact, from Theorem Bl we know that if % < 1, we have

tlim II(t) = hm Il (a,t) = hmI Ya,t) = flim I'2(a,t) = 0.

t—o0

Also notice that limy .o (S, (t) + L1 (t) + I2(t)) = 27 Then we have lim;_, .S, (t) =
Ay
o

. Solving the fourth equation of system (Z2]), we obtain

e BEIZ2(0)  BLIL(O)
272 t I ( +Er— ) dO
ﬁhzv(e>+ﬁhfv<e)+ h) o [ Ape
+

7./‘0( N dg
t) = " :
Su(t) = Sn(0)e f(g(ﬁ%:;%,;mw K s ran ) ao

€

Since

B212(6)  BLilee
h v( )+ h v( )+/L}L

0< S;,,(O)e_fé< o S Sp(0)e™#nt — 0 (t — 00),
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we have

o[ BF12(0) | BETL (e)
—hv. - Chv, o do
lim Sp(0)e *? ()

t—o0

=0.

Using the L’Hospital’s rule, we have
2 1
ft Ay 16 <Bh1{m(9) + b ﬂhl" ) +/Lh>
e
lim =©

B212(0) flrg( )
t—oo fé( ~ + h +pn
e

12(6 11l
A, fo<ﬂh1v’;f)+—ﬁh v<)+1h>

dg

= lim B212(0) BL1l(e)

t—o00 t v v
f h—_i,_h—-',-uh de 2]2 ¢ 171t
e o( N > (ﬁN()‘Fﬁth;()‘i‘Mh)
Ah Ah
= lim —— T :—252~
oo B2 ]{[h(f) 4 ﬁh]{&(t) +up M

Also considering
2 .
tlir&(Sh +Z</ atda—|—R]()>
Jj=1

+/Oo (132 (a,t) + I} (a,t)) da+Rh(t)> ==
0

thus, we obtain

lim ZR{L )+ Ru(t) | =0.

t—o0

Consequently, by the nonnegativity of the solutions in system (Z2I), we have
lim R} (t) = lim R2(t) =
t—o0 t—oo

These imply the disease-free equilibrium &j is globally attractive. This completes
the proof. O

Now, we provide a numerical example to confirm the result in Theorem 4.2,
where the global stability of the disease-free equilibrium is guaranteed if %’g <1,
j = 1,2. We choose constant parameters by A, = 1000,A, = 20,¢ = 0.6,01 =
001 oy = 0.1,8) = 018,82 = 02,v; = 012,y = 0.1, = 0.8, 1, = 0.6,

= 0.08,3% = 0.06. Then Ry + ¢ = 0.0044 < 1. The numerical solutions of
Sh( ), I (a, 1), RJ( ), IJ', S,(t) and Ii(t) are displayed in Figs. Bl and Bl Clearly,
the solutions IJ i (a, t),I,ilj(a, t),Rfl(t) and IJ(t) all approach zero when t is large
enough. Besides, the solutions Sy (t) and S, (t) both approach corresponding com-
ponents of the disease-free equilibrium.
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Fig. 2. (Color online) A typical scenario showing the time series of Sy, (t), R{l (t), Su(t) and I3 (t)

when %g < 1, j = 1, 2. The difference in curve color only means that the initial values of variables

are different.

5. Existence and Stability of Dominant Equilibria

In this section, we mainly investigate the existence and the local stability of the
dominant equilibria. For the sake of simplicity, let

L= ooja7r~a a ; = OOjae_)‘“w'aa ci = oo'a7r~a a.
bj—/o B (a)m;(a)da,  b;(N) /Om) (a)da, ¢ /O%()g()d
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Fig. 3. A typical scenario showing the time and age series of Ii (a,t) and I}? (a,t) when %(]) <
1,j=1,2.

From Theorem B.1l we know that strain j will die out when %g < 1. Thus, in the
following, it is assumed that % > 1. We will give the result in the case where
j =1, and the conclusion also holds for j = 2.

Theorem 5.1. If %1 > 1, there exists a unique strain 1 dominant equilibrium &
in system (Z2)), where & is given by

& = ( vl 1)170 Shlehl( )7OaR21a07 0, O)

The nonzero components are given as follows:

* /J”UAh('%% - 1) * A’U * * Ah
Sh1 =

s e 1= — =1y -
v ﬁ}ll(,ltv + Ah,bl)’ v Lo vl m + [3;;\[)7,1
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m(a) =1, (0)mi(a), I, (0) = N, Ry = — 7 ()l (a)da.
h Hn Jo
Next, we first investigate the local stability of the dominant equilibrium &} . Let
R > 1,
1 1

¢ = 602l o1 boaciin (R#I—1)

I+ An I+ o +Ap b1

obviously, ¢ € (0,1).

Theorem 5.2. Assuming #1 > 1. Then, the strain 1 dominance equilibrium & of
system (Z2) is unstable if %)%} > 1 and locally asymptotically stable if #% | %} <
(<.

Proof. Linearizing system ([22)) at &1, we have

25t / B () (a

. Z / Fia) (B (a.1) + 61 (0.1)) da — o Sult),

Jj=1,j#i

dI1
= / By(a) Iy (a

/ B1(a) (T2 (a,t) + 6T (a,£)) da — o T (1),

72
) _ / F(a) (B(a,t) + 6112 (a,)) da — uo I2(1),

dSu(t) Ien . = BrSi I 5
g = Nh (Shlll( )+ IvISh(t)) — 7}1]\?’: — purSh(t),
oI}(a,t)  OI}(a, t) =1
00 | @D () T
71 _ 6}1 * 71 * g
Ih(ovt) - Fh (Shljv (t) + IvlSh(t)) )

oI (a,t) n oI (a,t)

_ _ ﬁ2 . -
da ot - (/”'h + 72(a)) Ii%(a’at)v I}%(O,t) = F};Shllg(t)a

AR\ (t R b 7 .
= [T @ ada - 2RO - R0,
0 h
dR2 (t > . hoe 7 .
0~ [T @ Rastda — D21 B0 - B0,
0 h
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61_}1],2(a,t) 61_;1,/2(a,t) _ 712 712 _ ‘72@21 x 72
da + ot - (/J’h + 72(0’)) Ih (avt)v Ih (Ovt) - Nh Rhl‘[v (t)v

OL (@t) | OL@t) (o)) 2w ), T2 0,0) = 2001 B2 1
da ot - Hh T 71 h sU)y Lp s ) = N, v14tp\l).

(5.1)
To investigate the stability of &1, we let
Su(t) = Sue™,  Ti(t) = Tie™, Su(t) = Sue™,  T(at) = T a)e™,
Ry(6) = B, Bl(a,t) = I (a)e™

Substituting the expressions above into system (B.II) and omitting the bar, we have

s“/ BL(a)I}y(a /ﬂ a) + oI (a)) da

111 / ﬁ + ¢)I ( )) da — ,U/’USU7
)‘Iq% = 1)1 / ﬁ + ¢I ( da + S / ﬁ Ihl( )da - IU’UIq%v

A2 = S, / B2(a) (I2(a) + 1}%(a)) da — oI,

ASy = — 5’7 = (Sjady + 11 Sh) - B N, Sials = pnSn,
dI}
gc(za) + M (a) = = (pn +71(a)) In(a), 1;(0) = ﬂh (Smll +13,5), (5.2)
dI?(a
YL | A2 (a) = — (s +90(0) (). T3(0) = ﬁh R 712

o'} o 2
AR}, = / m(a)I;(a)da — szﬁh Ry I7 — pn Ry,
0

g
I/Bh I:lRf% - :uhRf2w

AR? :/ Y2(a)I?(a)da —
0

dI}2(a o202

h—”mf;?(a)=—<uh+vz<a>>f,12<a>, 12(0) = 22 gy, 12,
da Nh

dI?t(a o8t .

Ll A (@) = — G+ @) @), 110 = D2

First, solving the sixth and ninth differential equations in system ([&.2]), we get

I ﬁh S 12 —Aa Il2 _ 025}21]%* I2 —Aa
h( )= nilye " ma(a), no(a) = N, nilye " ma(a).
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Substituting the expressions for I?(a) and I}?(a) into the third equation in system
[B2), we get one characteristic equation:

_Qx ~ 2 ﬁ% * _—a ¢02ﬁ}21 * _—Aa
Mo =Sn [ B@) (RS maa) + PO Ry e (a) ) da. (53)
0 h h

By some computing, we have

_ ,U/'UNh A'UNh

Sy = Mot Dol
1 blﬁ}ll :U/vgll

Also noting that R}, = /%h fooo 1 (a)I} (a)da, by further simplifying Eq. (53), we
have

ﬁ}%Av
fo 1

¢0'2 C1 ﬂ}llﬁ}zr/\v[qfl
—_— 0 = . 4

A + My = b2()\) +

Let us assume %7 /%1 > 1. We rewrite the characteristic equation (£4) in the form

of

By
)

. ¢0261ﬁ;1ﬁ;211\ I;

LN EX+ po — I Ah@lv “Lba(A) = 0.
v 1

b2(\)

Then, it is easy to know that Z5(\) is strictly increasing in the interval (0, c0) and

Considering
2A ¢0261ﬁ1ﬁ2A i
R ) e S hPrvdut
Z3(0) = py 1o 7] by LA ] by
2N, oac18t RN

:uv<1—ﬁ§ 1b2>_¢5215h5h1 1y,

u’v‘@l ,U/'UAh%I
_ o pazc1 By, 85N Iy
= (1- 2L ) - ERAC ey,

%1 ,UuAh,%l

As %3 /%1 > 1, we have £3(0) < 0. By the intermediate value theorem, it can see
that the equation #5(\) = 0 has a real positive root. Consequently, the strain 1
dominance equilibrium &} is unstable.

Next, assume %7 /%1 < ¢ (< 1) and set

_ ﬁ}%Av
)

¢0-2 C1 ﬂ}llﬁ}zr/\v[qfl
1o AT ba(N).

9?4(/\) =+ Mo, 0%5()‘) b2(/\) +
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Assuming that the characteristic equation (5.4 has a root Ay with nonnegative
real part Re\g > 0, then we have

|Zs(No)| > to,
B A, pozc1 B Ba A I
= < e PhlmhT Vvl
|-Z5(No)| < 100 ] ba(ReXo) + 1o AT ba(Rey)
ﬂ%A“ ¢a2clﬂ%ﬂhAvI:1
< 3 3
S a2t T A

B> B2 doocy iy (BE — 1
:MU_11_|_MU_11¢21M( 1 )
& Ry po + Apby

R pogcipy (21 — 1)
v 1
- %1 ( * 1y + Apby
%2

= Mo —7 %1

< Uy,

which is obviously a contradiction. Hence, the characteristic equation (5.4]) has
no roots with nonnegative real parts. Therefore, the local stability of the strain 1
dominance equilibrium &7 is determined by the following system:

AS, = -8, / B (a) T} (a / 81(a) (I} (a) + 612 (a)) da — S,

AL =S, / B1(a) (I} (a) + 412 (a)) da + S, / B (a) Iy (a)da — oI,

\S), = 5h (Shlll + 15,5h) — pnSh,

ﬁl

dI}(a . N
h( ) F};’ (Shl‘[?% + IvlSh) ) (55)

o M} (a) = = (un +7(a) Ii(a), 13(0) =

ARL = / ()T} (a)da — R,
0

1
AR} =~ B — R
Nn
dI?'(a a3 .
D 2 @) = (4 (@) ), 120) = DOhr R
da Np,
Straightforward computing, we get
Zs(A) = Z2(N), (5.6)
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1 1[* o0
Q%Q)ZA+Mh<A+Mh+%ﬁ?><A+Mw+A ﬁawmawmo,

1 * * 1 * * ~ —Aa
L) = 3 BSSbi ) = 3 BSL S [ Ala)e m(@)da
Ny, Ny, 0
Here we assume A is any root of Eq. (5.8) with ReAo > 0. Then, it is easy to obtain
|-Z6(Ao)| = [Xo + pro| > fio,

1 1
|-Z7(No)| < A BrSiSibi(ho) = A BrSiSiibt = po < | Zs(No)l.
h h

This results in a contradiction, which implies the characteristic equation (B.0]) has
only roots with negative real parts. Hence, the strain 1 dominance equilibrium &3
is locally asymptotically stable. This completes the proof. O

6. The Uniform Persistence

In the previous section, we obtained that if both reproduction numbers are less
than one, all strains are eliminated and the disease dies out. Now, we shall prove
that the competitive exclusion principle holds in system ([Z2]). In the following, we
always assume that %Z3 > 1, and show that strain 1 persists, while strain 2 dies
out if #7/%} < ba/by < 1 and 0 < ¢ < 1, where b; is the force of infection of the
primarily infective humans at the equilibria. Under some conditions, strain 1 can
eliminate the other strain, and the competitive exclusion principle holds in system
[22). Mathematically speaking, it means the global asymptotically stability of the
strain 1 dominance equilibrium &7 . Noticing that the strain 1 dominance equilibrium
& is locally asymptotically stable if 27 /%1 < ¢ (< 1). Hence, we only need to show
that &7 is a global attractor. Here we apply the Lyapunov functional methods in

12l 5, 23 26] to prove this result.
Let

fl&)=2—1—Inz, xz>0.

Obviously, f(x) > 0 for all x > 0 and reaches its global minimum value f(1) = 0
at x = 1. Then, we formulate the following Lyapunov function:

U(t) = Ur(t) + Uy (t) + U3 (t) + Us(t) + U, (t) + Uz (t)

(6.1)
+ Us (t) + U2(t) + Ug (t) + U3 (t) + Uz(t),
where
1S 1 I I(t) 0 L)
o =5: (%) vo=5gs (7). vo- g,
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) = inf (22)

* La o0 14
Ui(t) = %/0 q1(a) ;i (a) f <I}‘h(1(ag)> da +/0 () (a)f <I;7h(1(at))> da,

_ !
-5

) Aw@@mwwm+ﬁwm@@mmm,

Ry (1)
Ry

zmwzﬁﬁ( ) U2(t) = B(1),

1 > 1 >
Ug(t) = —/ ql(a)Iﬁl(a,t)da, Ug(t) = —/ qg(a)I,llz(a,t)da,
b1 Jo b2 Jo

0o 1 0o 00 *
Us(t) = /t oI (0)f (I;;f(’os))>ds+ /t e I2(0, 5)ds + /t RR;}E;)I}f(O,s)ds

and

o0

qj(a) = / ﬁi(s)e_f{f(/L’LJ"’Yj(U))d‘TdS’ pj(a) = / 'yj(s)e_f:(ﬂh""’ﬁ(”))d”ds.
Straightforward computation yields

gj(a) = =B (a) + (un +75(a))g;(a),  4;(0) = b;

and

pi(a) = —v;(a) + (un +v;(a)pi(a), p;(0) =¢;.

The difficulty with the Lyapunov function U(¢) in (GI) may be not defined
when S, =0, I}(t) = 0, Sp(t) = 0, I}(a,t) = 0, R}(t) = 0. In order to overcome
this, we need to show that strain 1 persists for humans and mosquitoes. Let

X = {wl € L} (0,00)[3s>0: /Ooﬁ},(a—i-s)wl(a)da > 0}
0

and set
3 2
Xo=[[Ry xRy x X x L'(0,00) x RE x [] L'(0,0),

j=1 j=1
Qo = QN Xo.

In the following, we justify g is forward invariant. To do so, we first demonstrate
X is forward invariant. If it is true for the initial condition, the support of 32 (a)
will intersect the support of the initial condition when it is translated s units to
the right. Also noticing that the support of the initial condition only moves to the
right, the intersection will occur for any other time if it takes place at the initial
time. Thus, it is easy to obtain that €y is a forward invariant set.

To do so, let us give the following important definitions.
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Definition 6.1. Strain 1 in system (2.2]) is uniformly weakly persistent if there
exists some v > 0 independent of the initial conditions such that

limsup/ (In(a,t) + I}'(a,t)) da > v  whenever / P1(a)da > 0
0 0

t—o0

and

limsup/,(t) >~ whenever I}, >0

t—oo
for all solution of system (Z2I).

Obviously, the uniform weak persistence of the disease shows that the disease-
free equilibrium is unstable.

Definition 6.2. Strain 1 in system (2.2]) is uniformly strongly persistent if there
exists some v > 0 independent of the initial conditions such that

oo

lim inf (I3 (a,t) + I3'(a,t)) da > v whenever / P1(a)da > 0
0

t—o0 0

and

litrgirclf I}(t) > v whenever I}, >0

)

for all solution of system (22]).

By the above definitions, it is easy to know that strain 1 is also uniformly weakly
persistent if it is uniformly strongly persistent. In order to prove uniform strong
persistence of strain 1, we need to prove that there exists a global compact attractor
for the semiflow in system (2.2]).

First, we show the uniform weak persistence of strain 1 providing that strain 2
in system (22)) goes extinct. We have the following theorem.

Theorem 6.3. Assume #Z} > 1 and %3 | %} < s (< 1). Further, assume that strain
2 in system (Z2) will go extinct, i.e.

limsup I2(t) =0 and limsup/ (I(a,t) + I}*(a,t)) da = 0.
0

t—o00 t—oo

Then strain 1 in system 22)) is uniformly weakly persistent for the initial conditions
that belong to g, i.e. there exists € > 0 such that

1[1 t oo
lim sup Bt (®) >¢ and lim Sup/ Bi(a) (I}i(a,t) + @I (a,t)) da > e.
0

t—o0 h t—o0
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Proof. We argue by contradiction. Assume that strain 1 also goes extinct. For
every € > 0 and any initial conditions in {2y, we have

1[1 t 8]
lim sup At (®) <e and limsup/ Bi(a) (It (a,t) + @I (a,t)) da < e.
0

t—o00 h t—o00

Therefore, there exists T > 0 such that for all £ > T, we obtain

ﬂi‘]{;()f —12/ Bi(a) (I3 (a,t) + ¢Ip?(a,t)) da < e

and
/ N Ba(a) (In(a,t) + ¢I7 (a,t)) da < e.
0

Without loss of generality, we assume that the inequalities above hold for all t > 0.
From the first and fourth equations in [22), we get
Su(t) = Ay — 288y (t) — o Su(t),  Sh(t) = Ap — 2eSp(t) — pnSu(t).

By the comparison principle, we get

AU
h?iil.fp Sy (t) > hm 1nf Sy(t) > T
li S()>hm1nfS() An
imsu
tac)op h h - 26 + ,U/h,
Recall that By (t) = Ih(() t) = M it then follows from system (Z2]) that

Iy (t) X
dt > 25 + /~L'u / ﬂv Ih (CL t) + (Z)I ( )) da’ - :u“]v (t)

(6.2)

> v Ya)I}(a,t)da — poIM ().
> o [ B0 - i)

By using (31, we have

LA, 7Y drt Ay ¢
Bi(t) > (2ﬁeh+hu: )(;f\)[h :lt(t) > e /O BY(a)By (t — a)mi (a)da — po I ().

Since all the above functions are bounded, their Laplace transforms exist for A > 0.

We denote by Bj(\) the Laplace transform of Bj(t) and by I!(\) the Laplace
transform of I} (t). Further, set

L\ = /0 h e 23 (a)m (a)da.

Using the Laplace transform, we have

> 5}%Ah 71 71 1 Ay 2 7 1
Bi(\) > —2———1,(\), X,(\)—1I,(0) > A)L(A oLy (A
W) > G ). AN) = 14(0) = S BUOVER) - )
Eliminating 7} (), we have
1 P 1A, 71
Bl()\) Z ﬁhAhAvL()\) Bl()\) + hAth (0)

(26 + Mh)Nh()\ + ,UU)(2€ + /-l/'l}) (28 + ,uh)(A + MT})Nh '
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The inequality should hold for the given € ~ 0 and any A > 0. However, this is
impossible since for ¢ &~ 0 and A ~ 0, the coefficient in front of Bj(\) on the
right-hand side is approximately %Z; > 1, namely,

~ R > 1.
(28 + pn)Ni(A + o) (26 + pi) !

Besides, there is another positive term on the right-hand side of the above inequality.
The contradiction means that there exists € > 0 such that for any initial conditions
in Qp, we have

1[1 o]
lim sup Bal ) >¢ and lim sup/ Bi(a) (Ix(a,t) + @17 (a,t)) da > e.
0

t—o00 h t—o00

This completes the proof. O

Now we show that system ([22) has a global compact attractor A. As a first
step, we define the semiflow ¥ of system (Z2I):

W (t, Sv0, Logs I20s Sno, V1 (), ¥2(+), Rig, Rig, ¥12(+), ¥21(+))
= (Su(t), Ly (1), I7(t), Su(t), In(a, t), If (a, t), R}, (1), Rj, (1), 1;% (a, 1), 17 (a, 1)) .
(6.3)

The semiflow actually is a mapping ¥ : [0,00) x Q¢ — Qp. Now, let us give the
definition of a global compact attractor in [16] [24].

Definition 6.4. A set A in Qg is called a global compact attractor for ¥ if A is
a maximal compact invariant set and if for all open sets U containing A and all
bounded sets B of €, there exists some constant T > 0 such that ¥(¢,8) C U for
allt > T.

The following theorem gives the presence of a global compact attractor.

Theorem 6.5. Under the hypothesis of Theorem [6.3] there exists A, a compact
subset of Qg which is a global attractor for the solution semiflow ¥ on Q4. Moreover,
A is invariant under the solution semiflow, that is

\Il(t,xo) C Afor every 2° € A, Vit >0.

Proof. To establish the result, we will use [16, Lemma 3.2.3 and Theorem 3.4.6]. To
show that U satisfies the assumptions of Lemma 3.2.3, we split the semiflow into the
two components. For an initial condition 20 € Q, let (¢, z0) = W(t,2°) + U (t, 2°),
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where

\il (t7 Sva Iq%Ov 1307 Sh07 wl(')a wQ(')a R}LO? R}%Ov ¢12(')7 ¢21())
= (0,0,0,0, I} (a,6), [7(a,£),0,0, [}*(a, ), [ (a.1))

\P (t> Sv07 11%07 1307 ShOa /(/)1(')7 7/}2(')7 R}:/Ov R}%Ov /(/)12(')7 /(/)21())

= (S (t), 1, (8), I3 (2), Su(t), Ih(a, 1), I (a, 0), Ry, (1), R7, (1), I (a,

and

L(a,t) = B(at) + I (a,0),  L*(a,t) = ;*(a,t) + I} (a

I?Y(a,t) = I?(a,t) + I (a,t).
Furthermore, f,i(a, t) and INZ(a, t) satisfy the following equations:
oI oI} o
a_; + 6_: = _(/Jh +’VJ(G)) }jz(avt)v
1} (0,t) = 0,
I} (a,0) = ;(a)

or, or, .

=  BiSuli

and

I}2(a,t) and I}?(a,t) satisfy the following equations:

on? oI
da + ot

17(0,t) = 0,

I} (a,0) = ¥12(a)
oL oI}

—(un +2()) [} (a,t),

and

P _ 712
da + ot (/J’h +72(a))‘[h (avt)v
. 1[2
I(0,t) = azﬁN]: :
I} (a,0) = 0.
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I?'(a,t) and I?'(a,t) satisfy the following equations:
oI N oI
Oa ot
12Y(0,t) =0,
2(a,0) = a1 (a)
on ol :
Bt g =~ + (@) I (a,1),

01ﬁ szl
Ny,

= —(un +m(a)) 1P (a, 1),
and

I3(0,1) =

I?'(a,0) =0.
Integrating along the characteristic lines, we get
0, a<t,
ji(a,t) = ;(a) (6.4)
—t)—————, t<a.
vie =) mia—1t)’ ¢

Again integrating 7 5 (a,t) with regard to a in the interval (0, 00), we obtain

/0 (a,t)da = / Yi(a Wj (a(—)t) da
- %(a)%(j)”da

< /0 ) (a)e Frlda = e Hnt /0 Yi(a)da — 0 (t — 00).
(6.5)

Hence, we have

lim f,{(a, t)da = 0.
t—o0o 0
Using the similar method, we also get
lim I}?(a,t)da =0, lim I?'(a,t)da = 0.

t—o00 0 t—o0 0

Therefore, (¢, 2°) — 0 as t — oo uniformly for any 20 € B C Qq, where 2 is a
ball of a given radius.

Now, we show that \il(t, 20) is completely continuous. We fix ¢ and let 2% € Q.
Considering € is bounded, we need to prove the family of functions defined by

W(t,2%)
= (Su(0), IL®), T2, S (1), T (a, 1), TR (0, 1), R (), RE (), Ti2(a,1), T (a,1))
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is a compact family of functions for that fixed ¢, which is obtained by taking different
initial conditions in €. Since

{U(t,2°) ] 2° € Qo, t — fixed} C Qo,

it is bounded. Also noticing

. Bj(t —a)m;(a), a<t,
Laty=4 ’ (6.6)
0, t<a,
where
~ BLSK()I3(t)
B,(t) = A—F—"—~,
(o) = A2
Thus, we have
tlim fi(a,t)da =0.
— 00 t

Using the same argument, we obtain

lim I}*(a,t)da =0, lim I (a,t)da = 0.

t—o00 t t—oo t

Since Sy, (t), R{L(t) and IJ(t) all are bounded, Bj(t) is also bounded. Consequently,
there exists a positive constant k; such that

|Bj(t)] < ki
Then, differentiating (6.6) with respect to a, we have
iy OB;(t —a) .
oI (a,t) — 5| mi(@) + Bi(t - a)mj(a), a<t,
da - (6.7)

Oa t <a.

Also considering ), and (I7)" are bounded, there exists a positive constant ks
satisfying

By (1) < W(&a+&<>)sm

Consequently, we conclude that there exists a positive constant ks satisfying

oL (at) || _ /t aIl (a,t) ot /OO Al (a,t)
0 t

Oa Oa Oa da
s/(bm<>+mwh+ww»mm»m

(6.8)

IA

t
ko 7rj da+k1(uh+v)/ i(a)da
0

o0

S— —

IA
=
)

’7Tj da+k1( h+’7)A ’/Tj(a)dagkg,

2450004-28



Int. J. Biomath. Downloaded from www.worldscientific.com
by UNIVERSITY OF PORTLAND on 05/17/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Modeling the transmission dynamics of a two-strain dengue disease with infection age

where 7 = sup, ;{7;j(a)}. Therefore, we have

3I~Z(a, t)

Il (a+h,t) — T (a,t)|da <
| 1@t - Tia e < |2

|h| < ks|hl.

Using same arguments, we can determine that it also holds for I}2(a, t) and I?'(a, t).
Thus, the integral can be made arbitrary small uniformly in the family of functions.
By the Frechet-Kolmogorov theorem [40], we obtain that the \il(t,xo) is precom-
pact. Consequently, the solution semiflow W is asymptotically smooth. Also by the
definition of €2, we know the solution semiflow ¥ is point dissipative and the for-
ward orbit of boundedness sets is bounded in Q5. Therefore, the solution semiflow
U has a global compact attractor. This completes the proof. O

Now, we establish the uniform strong persistence and give the following
theorem.

Theorem 6.6. Under the hypothesis of Theorem [63] strain 1 in system (2.2)) is
uniformly strongly persistent for all initial conditions in Qq, that is, there exists
v > 0 satisfying

171
lim inf Lh[” (*)

t—o0 h

>~ and hmmf/ Bi(a) (I} (a,t) + @17 (a,t)) da > 7.

Proof. We use [36, Theorem 2.6] to prove this result by considering the solution
semiflow ¥ on €. Formulating two mappings p; : Q29 — R4 as follows:

171
pe®) = 220 et = [ st (T + 017 0.0) da.

From previous arguments, the semiflow of system (Z.2)) is uniformly weakly persis-
tent and has a global compact attractor. Total orbits are solutions to system (22))
defined for all times ¢ € R. As the solution semiflow is nonnegative, we obtain

P1 ((I)(t €T )) 5}1111( ) ff};][l( ) — i (t—s5) S 07

ol /ﬂ (@ 1) + 01 (@ 1)) da

> /O 8 (a) T (a, t)da > /O 81(a)Bi (t — a)mi (a)da

> it G @)}m(0) [ Bt~ ayda > int{Bl@)}m(0) | Bafa)da

0
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> 1nf{ﬁ )b (¢ / Mda

>1nf{51 /ﬁ%Sh a)l, )

= imf{B (@) (1 / Bl syt o

for any t > s provided I!(s) > 0. By [36, Theorem 2.6], we know that the semiflow
is uniformly strongly persistent. So, there exists v > 0 satisfying

1]1
litminthiv(t)zfy and hmlnf ﬂ ) (Ii(a,t) + ¢I7 (a,t)) da > ~y. [
— 00 h

By Theorem [G6.6] strain 1 persists for all initial conditions in 4. Also notice
that the solutions in (Z2) are in a positively invariant set. Therefore, it follows the
following conclusion from Theorem

Theorem 6.7. Under the hypothesis of Theorem [6.3] there exist constants m > 0
and M > 0 satisfying

m<S,(t) <M, m<S,(t)<M,VteR

and
m < Ode® m</ B (a)(I}(a, ) + 12 (a, t))da < M, ¥t € R
Np,

f07’ each orbit (S ( )711%( )7 1)( ) Sh( ) Ih(a’t)vjh(a’t)vRilz(t)’R}zl(t)’lllzz(avt)a
I (a,t)) of U in A.

7. Principle of Competitive Exclusion

Now, we demonstrate the important conclusion in this paper. To simplify our anal-
ysis, we consider the case for 0 < ¢ < 1, which has practical significance, see Sec.

Theorem 7.1. Assume %{ > 1, #}/%{ < min{bs/b1,s}, ba/by < 1. Then the
equilibrium & in system 22)) is globally asymptotically stable.

Proof. By the above arguments, the equilibrium & is locally asymptotically stable
and the solution semiflow has a global compact attractor .A. Hence, we only need
to prove that the equilibrium & is a global attractor. Furthermore, it follows from
Theorem [6.7] that there exist m; > 0 and M; > 0 satisfying

1 1
mp < Ly ,E ) <M;, mi < M
Ivl Ihl(a)

for all solutions in ¥. This shows the Lyapunov function well-defined in (61]).

1
<M, mp < B (1)
Ry,

< M,
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Differentiating each component of U(¢) along the solutions of system (22)), we
have

dUl(t) . 1 B S:
dt biSy <1 su(i)> ( / By(a) (I (a,t) + oI} (a, t))da

t) /OOO Bi(a) (Ii(a, t) + ¢1;%(a, 1)) da — MvSv(t)>

_NU(SU( S:1 /
VI
b1 S, (1)S7, b1 Bo(@) i

Su(t)  Silpi(a) Iy (a)
b15;§1< / B2 (a)I?(a,t)d / B2 (a)I?(a,t)d )
- <b1 51531>/
" <b1 bS>/

dU} 1 I
;t(t) _ s <1 B vv1 > < / B (a _rh a,t) + oI} (a,t))da — /JJ&(U)
1 I;;
= bS <1 S, > ( / BL(a)I}(a,t)d
t)/o By (a)o i (a, t)da — 1*1 / Bo(a) Iy (a >
1 1;;1 . So(®)I}(a,t)  IL(t)
NI ></ st (gt - ) b

Su(t) / " Bl a)o1} (a, t)da>

W) RO SOR@HL ),
/ Bo(@lia (S;af;:m I Sulna >Il<>“>d

Su(t ]{fl
+bls:1<‘ )/5 JOTi (@, )da
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dU3 ()
dt

dU; (t)

mfs*’a( ' / Fo(@) (11 (@, 1) + 91" (@, 1)) da — pl (t))

2(0)pI12 1o I3 (t)
-2 o / B2 ()61} (0, t)da + = e / S (@) (a tyda — B,
_ Sh GBSy (t)  BaSn(t)I2(t)
_<1_Shh(1)><Ah_“hS”(t)_ NN >
IS* I* S*
= (-1t + s+ BT 0.0 - ws,0) (1 )
S S 25* I2
— a(0) = B0 - 0.0~ 10,0+ a0, + AR
B wn(Sh(t) — S;l)z
Sh(t) ’
_ > * 1 / Il/(a,t) 6[%(a,t)
- [} oo () e
1 [ . ,(IH(a,t) 1 0I(a,t)
+ a 0 ql(a)jhl(a)f (1}—};1(a) )I;Zl(a) hat da

s N S AN
— H/0 q(a) Iy (a)f ([h;l( ))Iﬁl( )
ol

(o + @) TGt + a(o, 2 da

_/owpl( (Iza )

% (mh T(a)) Th(art) + %) da
o) moion (15
() o i)

0
- (— [T (D doi @)+ m o (5% D

== (o0mos (355) + [ i (G5 o)
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i(a,t)
oo (35)- oo (53
( i fm Iy (a)
_l/mgl(a)z* da + 15, (0) 120
biJo M i 151(0)

- [T s (II(( )) ) da+ Ty (0)f (If;(lo(b)))

= 1300~ 100 - O B - [ sionr (50 ) da
(O e
s (% 15)) .A ”“)h“)f<mxw>d’
2 e} 2 a oS} 2 a
dUgt(t) B i /0 . (a)afhgt,t) s /0 N (a)al,b(t,t) "

- /000 q2(a) <(,Uh + y2(a)) I2(a,t) + W) "

o0 9 "
[ e (ot )+ 20

= _i /OOO a2(a) (tn +v2(a)) I} (a,t)da — %/OOO o(a) 0Ihé(z,t) da
~ [ @+ (@) Bestida — [ pal)
= ;_21 0°° q2(a) (Uh + Wz(a))l,%(a, t)da

_é<@@@ww?—ﬁm@@“@”®

7 pa(@) (e + (@) @, t)da

- mwﬁww$—4wﬁww@m@

= [ @ o+ et Blastida+ 0,0 - - [ 520 R 0, )da
0 2 J0

(oo}

J
(

) (1 + 72(a)) g2(a) I} (a, t)da — /Ooopz(a) (un + 72(a)) I2(a, t)da

+@ﬁm¢>—AwwxwﬁMJMa+Aprw0m+wxwﬂﬂmww
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/ B2 (a)I? (a,t)da + c2I7(0,t)

- / (@) T2 (a, t)da + T2(0. ),

Rm

*
Rhl

( R)( OO (0T} (a, t)da — 120, 1) — Tl

Ifll(avt)R21
———————= 141 |da
I, (@) R} (t)

dt :/ Y2(a)Ij (a, t)da — I3'(0,) — pn Ry (1),
0

1 00 21
dUA(t) _ 1 / O (0.0) (o
0

ot

= T (TR

b1 Jo Oa

oI (a, t)) da

) OOO 71(@)1;1(% t)da — 1,%(0,t) — uhRi(t)>

/ @, (a)da>
0

Rhl > ( (I s R);h( )) da — I,llz(O,t)>

R > 12 /Oo Rh( )
=—(1-— I 0 t + ’V1 I +
( Rllz " 0 i Ry

I}L(a, t)
121(@

I (a,t)

o0 1 [~ 0 )
= /0 q1<a>(uh+71<a>)1%1<avt>da‘a/ T

S / " 1) (i + 71(0) 12 (a, ) da

_ %(ql (@) 7" (a, t)[5° — /oc>o i (a, t>dq1(a)>

—1 ©

=— [ a(@)(pn +m(a) I (a,t)da + 17 (0,1)

o [ @R e+ [ @) @)1 (0 da
0

b1 Jo 1

1 o0
_ —a/o BL(@)I (a, t)da + IF(0,1),
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W) _ [~ e 6,
0 315 b2

> 12 a
5 ), 2@ ((uh +v2(a)) IF%(a,t) + Mhai(a’t)> da

b /ooo () (n +22(0) 120, )da — - <q2<a)f,12<a, ol

[T t)dq2<a>)

_ -1 /000 g2(a) (1 + 72(a)) I}% (a, t)da + I}2(0, 1)

L / "B, 0da+ - / " 02(@) (i + 12(0)) [2(a, t)da

/ (a)I}?(a,t)da + I}2(0, 1),
dU;;t(t) — —C2I}2L(O,t) ]’112(0 t) ]ﬁ*( 0 — 01121(0)f<11’7;(10(’0§)>

Adding the eleven components of the Lyapunov function, we have
U =U't) +U?(t) + U (t),
where

(1) = Ho (Sl = 5" (S(t) — Sj)?

b1Sy(t)S% Sh(t)

T Sy(t)I}(a,t)  Ii(a,t) Sk
+a/0 ﬂv(a)lhl(a)<1— ’ + - )>d“

Salii(a)  Iiy(a)  Su(t

L[ o (S OT ) SuBINa O
i), ﬂv(“”’“(‘”( Snln@  Snln@nn LT
I (0) — TH(0, 1) Ssh—'?(lwml(m T fh—*g)mo,t) +1H0,1)
- 130 - O (255
_Uv(Sv(t)_S:l)2_Mh/(sh(t)_s}tl)z 1 - LV (a
BT e [ @i

S B0 SWR@OL (R,
X<3 5.0 Iy Sulha >ﬂ<>“< ))d

* Shi SiIn(0,8) . 1;,(0,¢)
”’““”( 50 TS 0IL0) (I:;(O)))
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_/1/1) (Sv( - S:1)2 - /th(Sh( Shl / ﬂ ]
)S:1 b1 v hl

b1S Si(

(o (st () @méfﬁﬁ)wa
/(s
n(t

t)
(t

v
'ul

Sv
1}(0,1)
w0 (1 (57) + (56i0)
" Shl Ihl

(S = S50 pn(Sult) — Sp)? 0
= s 0s T S0 _I”l(o)f<5;il>

1 [~ 1 W (I (a, )15
- E , Pel@in(a) < < ) <S:nf;1< VIL(t) >>d
U%(t) = W S:h ( / B2 (a)I? (a,t)da — S5, / B2 (a)I? (a,t da> " s

/ EHOIAC ﬂhsf\} LO L poy

h

—I7(0,1)
h blSvl

i [ B

:<___>/ P ﬁ%S%h (?) ub,ﬁg)
(———)/ﬂsz” R (- )
(%-%)/ﬁﬂw%W> AR (-2
sy [, @@

(i) [ et 5 (1 75)

< [ et @+ 25 [T Raona e

1 o0 a
ratof () - [T @nr (2 aoato

- [T @ (1= ) 1200 - 0.0 - im0

X (et B0 OBy )
+/0 n@in(e) ( I&(“) R}, 121(45)]%}11(75) - 1> !

U*(t)
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/ BL(a) I (a,t)da + IF(0,t) + IE2(0,1) / B%(a)I}?(a,t)da

1
~alpnOf (B ) - alf0.0 - 0.0+ [ n@me i

1 [ 1 [
-5 [ A@or @ ndas - [ B @l e

/ B2(a)I;?(a, t)da 1)15"%/ Bi(a)pI; (a,t)da
I
I ( ;;(1( ))) da — R (1)

<I,1*(a ) R}l*(t) B I}llfa’t)R;fl N 1) da
Ihl( ) R}, Ih1(a)Rh

—/0 (@I
+ [T @i,

/ B1(a) 12 (a, H)da

(a)
(a)

S I :1

= W/ Ba(a)pIi (a, t)da — pn Ry (t)
vl

£ </ ﬁi(awﬁll(a,t)da—/ ﬂ}’(a)l}%l(a,t)da>
/ Fola)ol;’ - —/ 32(a)I}?(a, t)da

), e >(f(%f?) f(%))

Hence, we have

o e (Solt) = S5)° un(Sa(t) — S5, Siy
U (t) - 5151;(75)5:1 - Sh(t) h - Ihl (O)f <Shh(t)> - uhR%(t)
o1 < I (a Si1 Su(t)1;(a, )13, o
bl/ Bol@)ia )<f<sv<t>> +f<5:;11;:1< >Il<>>>d
()1} LGSl @) b2
bﬁm 1/ Bo(@)o1;" (0 t)da hh G_m%>

¢—1

- ;(a)lﬁl(a,t)dwr (E — —) / B%(a)I}*(a, t)da
- et (1 (52) 1 (7)) o
+<%—é>£ 82(a)I2(a, t)da. (7.1)
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As f(x) >0 for 2 >0, ¢ <1 and %7/ %} < ba/by < 1, we have U’(t) < 0. Set
© = {(Su, I}, I2,Sn, I}, I R}, RE, 132 IFY) € Qo | U'(t) = 0}.

Uy Loyt

Obviously, the equality in ([Z]) holds if and only if
Sy =S, I; =1, —73 =0, Sp=S, Iflz = Ipy, Ile =0,
R, =R;,, R;,=0, [}?=0, I}'=0.

It is easy to see that &) is the largest invariant set in ©. By applying the LaSalle
invariance principle, & is globally attractive. This completes the proof. O

Now, we provide a numerical example to confirm the result in Theorem 7.1,
where the global stability of the strain 1 dominant equilibrium &} is guaranteed
if the conditions of Theorem 7.1 hold. We choose constant parameters by A, =
800, A, = 80, ¢ = 1.5, 01 = 0.5, 02 = 0.01,3; = 0.5, 57 = 0.2,y = 0.5, 72 =
0.01, 1, = 0.002, pup = 0.0001, 3L = 15, 42 = 0.0001.The numerical solutions of
Sh(t), Ii(a, t), R{L(a), I}Zi, S, (t) and I7(t) are displayed in Figs.@and[l Clearly, the
solutions IZ (a, 1), I,ilj(a, t), Rfl(t), I3 (t), Sp(t) and S, (t) all approach corresponding
components of & when t is large enough.

8. Coexistence Equilibrium and Backward Bifurcation

In this section, we investigate the coexistence equilibrium where both strains are
present in humans and mosquitoes. For simplicity, it is assumed that

o1=02=0, By(a)=F(a)=pFula), mn(a)=12(a) = 7(a)
In this case, we have
Ko =R, =%, ma)=mla), b=by, c1=ca
We can establish the following result.

Theorem 8.1. If Zy > 1, then the coexistence equilibrium is unique, and if %o <
1 and A = h? — 4hohy > 0, hy < 0, there are two coexistence equilibria. The
expressions of equilibrium satisfy the following:

Ah Nh Amr(a)x
Sh = . Ly =12=="z, I}(a)=1}(a) = ——,
h 2.13+/.Lh v v ﬁh h( ) h( ) 2-r+/1/h
Apx coApm(a)z?
Rl — R2 — ¢ . I2(a) = I?Y(a) = ’
R v en@r ) T ) = e G+ )
Ay
S, = — — 2,
/-l/'ll

where x is the positive roots of
H(x) £ hox? + hix + hg =0
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Fig. 4. (Color online) A typical scenario showing the time series of Sy, (t), R{l (t), Su(t) and I3 (t)
when %(J) < 1, 7 =1, 2. The difference in curve color only means that the initial values of variables
are different.

with the coefficients given by
ha = 20y Np, + 2boAp, Nip (1 + ¢c) > 0,

hi = pAp(2 + ) — (boBu AR N, (1 + ¢c) — 20A7) ,
ho = popnAn(1 — Z1).
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Fig. 5. A typical scenario showing the time and age series of I,{(a, t) and I;Lj (a, t) when ﬁé <
1,ji=1,2

Proof. Set z; = ﬁ—’hI{) By direct computing, we have

S, — Ay, Iia) = Apm(a)zy 2(a) = Apm(a)xs
" ow g, " xy+ae+pn " xy + 22+
1 cApx1 2 cApxo

, Rj = )
(1 + ox2) (1 + 22 + f11) " (tn + ox1) (21 + 22 + 11)

I;?(a) =

coApm(a)ryze
(pn + ox1)(z1 + 22 + pp)’

coApm(a)zyxe IQl(a) _
(un + oxa)(x1 + 22 +pn) "

= - a 1a 21@ a - a 2a 12@ a .
S,,—Av/{/o ) (1}(0) + 017 @) da-+ [ ) (7(0) + 007 ) m}

Obviously, S, + I} + I? = N,. Substituting the equilibrium for the infected
classes into the second and third equilibrium equations in (Z2), we have

(ﬁh/Nv ) < bAh b(ﬁCO’AhJ}Q )

My = — X1 — T2 + 5

Ny, x1+ o+ pn (un+ox)(z1 + 22 + p1n) ®.1)
B (ﬁth . ) < bAn bocoApa ) '

fo Ny, VU )\ ma+pn (o) (@ + w2+ n) )
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If there exists the coexistence equilibrium, namely, the positive solution (z1,x2)
must satisfy the following equation:

boco Ay xs bopco Ay

(un +ox1)(z1 + 22+ pn)  (pn +oxe) (@1 + 22+ pp)

From the above, we have x1 = 5. Set x1 = 29 = x. From (&1]), we have
H(z) 2 hox? + hyx +ho =0, (8.2)
where
he = 20y Np, + 2baAp Ni (1 + ¢c) > 0,
hi = pAp(2 + o) — (boBuARN, (1 + ¢c) — 20A7) ,
ho = popnAn(1 — %1).

Now, we identify the number of positive roots of (82). Obviously, if %#; > 1, there
exists a unique positive root, that is, a unique coexistence equilibrium. However, if

Hy <1, A=h?—4hohy >0, hy <0,

there are two coexistence equilibria. O

9. Concluding Remarks

In this paper, we propose a novel two-strain dengue epidemic model coupling PDEs,
which can characterize the transmission dynamics of DENV with the infection
age and possible secondary infection for humans. For each strain j, the explicit
formulas for the reproduction numbers %7 and %} of strain are derived, respec-
tively. Threshold reproduction numbers of two strain in the proposed model are
defined, respectively: %o = max{%Z1, #?} and %, = max{%s, #3}. We show that
if Zy < 1, the disease-free equilibrium &y is locally asymptotically stable. It is
globally asymptotically stable if Zy + %, < 1, which implies that the DENV goes
extinct. If Zy > 1, without loss of generality, assuming %y = %Z{ > 1, we show
that the dominant equilibrium &) exists. The dominant equilibrium &7 is locally
asymptotically stable if 2] > 1 and %} < ¢%1.

By constructing Lyapunov functions, we show the global stability of the domi-
nant equilibrium & under some conditions that

%12/%11 <min{b2/b1,§}, b2/b1 < 1. (91)
Condition (@) suggests the following inequalities hold simultaneously:
R < R, by < b1, B> < R,

This implies that if two strains circulate in the population only the strain with
the lager reproduction number persists, the strain with suboptimal reproduction
numbers is eliminated. The competitive exclusion principle holds.
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Recall that b; represents the probability of a susceptible mosquito being trans-
mitted by a primarily infected human with strain j. 0 < ¢ < 1 means humans with
a secondary infection have on average a lower contribution to the overall infectivity
of mosquito upon humans than humans with a primary infection. Thus, condi-
tion (@) for the occurrence of competitive exclusion of strain 1 implies that the
reproduction number, the transmission rate of an infectious mosquito during its
infectious period, and a susceptible mosquito being transmitted primarily are big-
ger for strain 1 comparing with the corresponding quantities of strain 2. Besides, it
also requires the primary infection has stronger infection force than the secondary
infection. At last, under additional conditions, we investigate the existence of the
backward bifurcation. This implies that %y < 1 is not sufficient to control and
eradicate DENV.

Our results do not include the case where ¢ > 1, which means humans with a
secondary infection have on average a higher contribution to the overall infectivity
of mosquito upon humans than humans with a primary infection. In this case,
phenomena of antibody-dependent enhancement during DENV transmission may
occur. It is difficult to deal with it by applying the present methods. Some new
techniques must be developed. We would like to investigate it in our future work.
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